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For a smooth stationary Gaussian field f on R? and level ¢ € R, we
consider the number of connected components of the excursion set { f > ¢}
(or level set { f = ¢}) contained in large domains. The mean of this quantity
is known to scale like the volume of the domain under general assumptions
on the field. We prove that, assuming sufficient decay of correlations (e.g.,
the Bargmann—Fock field), a central limit theorem holds with volume-order
scaling. Previously, such a result had only been established for “additive”
geometric functionals of the excursion/level sets (e.g., the volume or Euler
characteristic) using Hermite expansions. Our approach, based on a martin-
gale analysis, is more robust and can be generalised to a wider class of topo-
logical functionals. A major ingredient in the proof is a third moment bound
on critical points, which is of independent interest.

1. Introduction. Let f : RY — R be a smooth stationary centred Gaussian field. We
consider the geometry of the (upper)-excursion sets and level sets, defined respectively as

(fz0={xeR?: f(x)>¢) and {f=0}:={xeR?:f(x)=¢}, CeR.

In particular, we are interested in the number of connected components of these sets contained
in large domains (the ‘component count’).

The geometry of Gaussian excursion/level sets is a well-studied topic, with applications
to a range of subjects including cosmology [6, 41], medical imaging [49] and quantum
chaos [26]. The component count is of high importance to these applications; to give an
example, physical theories predict that the Cosmic Microwave Background Radiation can
be modelled as a realisation of an isotropic Gaussian field on the sphere, and in [41] this
prediction was tested statistically using numerical simulations of the component count of a
Gaussian field.

A second motivation to study the component count comes from recent progress in un-
derstanding the connectivity of Gaussian field excursion sets (see, e.g., [7, 34, 35, 44] for a
selection of recent results, and more generally [22] for background on classical percolation
theory). The component count is significant for this study: in classical percolation, smooth-
ness properties of the mean number of open clusters (which corresponds to the excursion
set count in the Gaussian setting) are related to the uniqueness of infinite connected compo-
nents [2], and broadly analogous results have recently been proven for Gaussian fields [8].

In dimension d = 1, the component count reduces to the number of level crossings, which
is a classical topic in probability theory [29].
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1.1. Existing results on the component count. Recall that f is a smooth stationary cen-
tred Gaussian field on R¢, and let K (x) = E[ f(0) f(x)] be its covariance kernel. For R > 0
and ¢ € R, we denote by Ngs(R, £) and Ny s(R, £), respectively, the number of connected
components of { f > ¢} and { f = £}, which are contained in the cube Ar = [—R, R]d (ie.,
which intersect this set but not its boundary). The precise choice of domain Ag, and the
choice to exclude boundary components, are mainly for concreteness, and could be modified
with minimal change to the results or proof. For simplicity, we shall often write N, (R, ¢),
* € {ES, LS}, to refer collectively to these component counts.

We are interested in the asymptotics of N,(R, £) as R — oo. The first-order convergence
(i.e., law of large numbers) was established by Nazarov and Sodin [38]: under very mild
conditions on the field, as R — oo,

N«(R, £) I
(1.1) ————— — u in L° and almost surely,

Vol(AR)
for a constant u = . (£) > 0 which depends on the law of f. Although the result in [38]
was stated only for the nodal set (i.e., the level set at £ = 0), the proof goes through verbatim
for excursion/level sets at all levels (see, e.g., [9]). The law of large numbers has since been
extended to other quantities related to the component count [12, 32, 45, 48].

A natural next step is to investigate the second-order properties of N,(R, £), which are
expected to depend strongly on the covariance structure of the field. Here, we focus on the
short-range correlated case in which K € L!(R?); an important example is the Bargmann—
Fock field with K (x) = e~ XI*/2 (see [7] for background and motivation). In this case, it is
expected that N,(R, ¢) satisfies a central limit theorem (CLT) with volume-order scaling
= R?. This has previously been established for various “additive” geometric functionals of
the excursion/level sets (for instance, their volume or Euler characteristic [19, 28, 30, 36,
37]), and it is also known in the case of an i.i.d. Gaussian field on Z¢ [14, 40, 50] (where the
component count is equivalent to the number of clusters in classical site percolation).

Thus far, progress on understanding second-order properties has been limited to bounds
on the variance, which are mostly suboptimal and apply only to planar fields.

In [39], Nazarov and Sodin proved a polynomial lower bound

Var[N,.(R, £)] > ¢cR"

valid for general planar fields with polynomially decaying correlations (to be more precise,
they considered families ( f;;),>1 of Gaussian fields defined on the sphere S?, which converge
locally, and only considered the nodal set, but we expect the proof extends, up to boundary
effects, to the Euclidean setting we consider here). The exponent n > 0 was not quantified
but is small.

In [10], sharper results were proven for planar fields under stronger conditions. More pre-
cisely, if f is short-range correlated, and if [ K (x) dx # 0 and % U«(€) # 0 (recall that . (£)
is the limiting constant in (1.1)), then

Var[ N, (R, £)] > cR>.

Further, in [8] the condition j_z“* (€) # 0 was shown to hold for a large range of levels (in-
cluding the zero level when » = ES).
Turning to upper bounds, it is straightforward to establish that (in all dimensions)

(1.2) Var[N,(R, £)] < cR*

using a comparison with critical points. More precisely, since each excursion (resp., level)
set component contains (resp., surrounds) at least one critical point, the component count in
a compact domain is bounded by the number of critical points in the domain. Since the latter
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quantity has a second moment of order =< R%d [17, 18], we deduce (1.2). Note that this bound
is only expected to be attained for very degenerate Gaussian fields (see [9, 10] for examples).
Various concentration bounds have also been established for N,(R, £) [11, 42, 43], but
these do not lead to improved bounds on the variance in the short-range correlated case.
Related questions have also been studied in the ‘sparse’ regime £g — oo as R — oo [46].

1.2. CLT for the component count. Our main result establishes a CLT for N, (R, ¢) with
volume-order scaling, assuming sufficient decay of correlations (e.g., the Bargmann—Fock
field).

We assume that f has a spatial moving average representation

(1.3) f=qxW,

where ¢ € L?(R?) is Hermitian (i.e., ¢(x) = g(—x)), W is the white noise on R¢, and =
denotes convolution. This representation always exists in the short-range correlated case K €
L' (R?), since one can choose qg=F ~1[/F[K]], where F[-] denotes the Fourier transform.
The covariance kernel of f is K =g *x q.

We impose the following assumptions on the kernel ¢.

ASSUMPTION 1.1.

1. (Nondegeneracy) g # 0.
2. (Smoothness) 0%¢g € LY(R N C(Rd) forevery |¢| <4and K =q *xq € c'o,
3. (Decay) There exist 8 > 9d and ¢ > 1 such that, for all |x| > 1,

max [8%g (x)| < c|x|7P.
lor| <2

Since we assume g € L' (R¥), for positive g the decay rates of ¢ and K = g * ¢ are com-
parable up to constants. In general, K decays at least as quickly as ¢, but due to cancellations
it could decay more quickly. Hence, roughly speaking, Assumption 1.1 demands that corre-
lations decay polynomially with exponent § > 9d. In particular, the Bargmann—Fock field
satisfies Assumption 1.1. See Remark 3.12 for an explanation of how the condition 8 > 9d
arises, and how it can be weakened.

Assumption 1.1 implies that f is C*-smooth almost surely (this follows from Kol-
mogorov’s theorem, see [38], Appendix A). This degree of smoothness may seem strong
in comparison to other works, for example, [10, 39]. However, a key novelty of our approach
is that we exploit a third moment bound on critical points (see Theorem 1.6), whose proof
requires fourth-order smoothness.

Most results for level sets of random fields require some nondegeneracy of the field; it is
usually required that the joint distribution of the field and some of its derivatives at a point
is nondegenerate. In particular, this is needed for the law of large numbers in (1.1). Under
our assumptions the spectral measure has an open set in its support, which is a sufficient
condition for nondegeneracy (see Appendix A).

Our main result is the following.

THEOREM 1.2 (CLT for the component count). Suppose Assumption 1.1 holds. Let £ € R
and x € {ES, LS}. Then there exists o = 0,(£) > 0 such that, as R — oo,

Var[N*(R,E)]_> 2 J N*(R,f)—E[N*(R,ﬁ)]g 7
Vol(A g) o an VVol(Ag) 7

where Z is a standard normal random variable.
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We prove Theorem 1.2 by generalising an argument due to Penrose [40]; the rough idea is
to obtain a martingale representation for the component count by resampling portions of the
white noise appearing in (1.3), and apply a martingale CLT. Penrose developed this argument
to study the number of clusters in classical percolation (among other applications). In our
setting, there are additional technical obstacles to overcome, since (i) resampling the white
noise in a given region affects the values of the field, and a priori also the topology of the
components, at arbitrarily large distances, and (ii) the component count has delicate stability
properties in continuous space.

It is interesting to compare this approach to the strategy used to prove all previously known
CLTs for ‘additive’ geometric functionals of Gaussian field excursion sets (such as the vol-
ume or Euler characteristic) [19, 28, 30, 36, 37], which relied on expansions over Hermite
polynomials. It appears very challenging to extend the ‘Hermite expansion’ method to nonad-
ditive functionals such as the component count; by contrast, we believe that our approach ex-
tends naturally to a wider class of topological functionals, additive or otherwise. For instance,
one could consider the number of components with a given diffeomorphism type [45].

On the other hand, the Hermite expansion approach is ‘robust’ in a different sense: it can be
successfully applied to some strongly correlated fields, which are excluded from our results.
It remains a significant ongoing challenge to understand nonadditive geometric functionals
of strongly correlated fields.

1.3. Positivity of the limiting variance. The CLT stated in Theorem 1.2 does not guaran-
tee that the limiting variance 0> = o.2(£) is strictly positive, and if o = 0 the result implies
only that Var[N, (R, £)] = o(R%).

Our next result confirms that o > 0 under a mild additional condition on the field.

THEOREM 1.3.  Suppose that Assumption 1.1 holds, and in addition that [ q(x)dx > 0.
Let x € {ES, LS} and £ € R. Then

o.(0) >0,

where o, (L) is the constant from Theorem 1.2.

In particular, for the Bargmann—Fock field this result confirms that Var[N,(R, £)] is of
volume order for all levels, whereas previously this was only known (in the planar case) for
levels such that % U« () # 0 [10], which is necessarily violated at (at least) one level.

To prove Theorem 1.3, we exploit a (semi)-explicit representation for o (see (3.34)) that
is a by-product of the proof of the CLT. While the ‘Hermite expansion’ approach for additive
functionals also gives a (semi)-explicit representation for the limiting variance, it has proved
difficult to verify its positivity in practice. A representative example is [19] on the Euler
characteristic, where the limiting variance is only shown to be positive for levels £ such that
H;(¢) # 0, where H; is the degree-d Hermite polynomial (which has d zeros). Since our
approach also works for additive functionals such as the Euler characteristic, we believe it
gives a more tractable route to establishing strict positivity at all levels.

REMARK 1.4. The condition that [ ¢(x)dx > 0 is equivalent to either [ K (x)dx # 0 or
p(0) > 0, where p = F~![K] is the spectral density of the field. While we do not expect this
condition to be necessary, it is quite natural given that our proof generates fluctuations in the
component count by exploiting level shifts. Indeed, this is precisely the condition under which
level shifts can be well approximated in the Cameron—Martin space of the field. An identical
condition appeared in our previous study of fluctuations of the component count [10].
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1.4. Third moment bounds. A major ingredient in the proof of Theorem 1.2 is a third
moment bound on the number of critical points of the field inside a compact domain; this
extends existing results in dimension d = 1 [13, 15, 16], and also second moment bounds
valid in all dimensions [17, 18]. See also [33] for related results on third moment bounds
for zeros of Gaussian vector fields, although these do not apply to critical points. Since we
believe this bound may be useful in other applications, we highlight it here.

We establish this result under much more general conditions than Theorem 1.2, and in
particular we do not require any assumption on the decay of K. Recall that the spectral
measure of f is the finite measure p on R such that K = F[u].

ASSUMPTION 1.5.  f is C*-smooth and the support of & contains an open set.

The condition on the support of w is easily verified for short-range correlated fields; in
particular, Assumption 1.1 implies Assumption 1.5 (see Lemma A.1 for details).

THEOREM 1.6 (Third moment bound for critical points). Let T > 0 and let p € C*(R%)
be a deterministic function such that || p||c4(ray < T. Suppose Assumption 1.5 holds and let
N¢(R) denote the number of critical points of f + p contained in Ag. Then there exists a
¢ > 0 (depending only on f and t) such that, for R > 1,

E[N:(R)*] < cR¥.

We allow for the addition of the smooth function p primarily because it is needed in the
proof of Theorem 1.3, although we believe it to be of independent interest (see [16] for similar
results in the d = 1 case). The dependence on || p||c4rey can be quantified; see Remark 4.3.

Since N,(R,f) < N.(R), an immediate consequence of Theorem 1.6 is a third moment
bound on the component count:

COROLLARY 1.7 (Third moment bound for the component count). Suppose that As-
sumption 1.5 holds, then there exists a ¢ > 0 such that, for x € {ES,LS}, £ € Rand R > 1,

E[N.(R, £)*] < cR¥.

REMARK 1.8. The assumption that x has an open set in its support can be weakened
considerably; we use it only to guarantee that the following Gaussian vectors are nondegen-
erate for all distinct x, y € R? \ {0} and linearly independent vectors v, w € S~

L (VF(0),Vf(x), VL))
2. (V£(0), V2£(0), Vf(x));

3. (V£(0),3,V f(0),d2V f(0));

4. (V£(0), V2 £(0), 039, f(0), 8,32 £ (0)).

We expect that these are nondegenerate for a much wider class of stationary Gaussian fields
(e.g., monochromatic random waves, for which  is supported on the sphere SY~1), which
would expand the scope of Theorem 1.6.

1.5. Outline of the paper. In Section 2, we undertake a preliminary study of the stability
properties of the component count. In Section 3, we establish the CLT stated in Theorem 1.2
and also the positivity of the limiting variance in Theorem 1.3. In Section 4, we study the
density of critical points, and in particular prove the third moment bound in Theorem 1.6.
Finally, in the Appendix we collect some technical statements about Gaussian fields and
prove a topological lemma, which was used in Section 2.
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FI1G. 1. An example of a stratified domain in d = 2; the dashed lines show the boundary of R while the shaded
region, thick lines and circles show the stratification of a domain D.

2. Stability of the component count. In this section, we study the stability of the com-
ponent count under perturbations. The resulting estimates will play an important role in the
proof of the CLT in Section 3.

2.1. Stratified domains and critical points. A box is any set of the form R = [ay, b1] x
<o+ x [ag, bg] € R, for finite a; < b;. Rather than work in the fullest possible generality, we
restrict our attention to the stability properties of sets D C R? of the form D = D(R; V) =
RN (Uyey Bv), where R is a box, V C 74 is a nonempty finite subset and B, = v + [0, 174
denotes the translated unit cube. We refer to such sets D as domains, although we emphasise
that they need not be connected. In particular, Ag =[—R, R]4 is of this form.

We may view any such domain D as a stratified set as follows. Recall that every box has a
canonical stratification, that is, a partition into the finite collection F = (F;) of its open faces
of all dimensions 0 < m < d. For each cube B,, v € Z%, we denote by FRr.y the canonical
stratification of RN B,,. Then Fr.y = J,cy FRr:v defines a partition of D = D(R; V), which
we refer to as its stratification.

A stratified domain will be any D = D(R; V') equipped with the stratification F = Fr.vy.
We will occasionally need to distinguish strata of dimension m = 0 (i.e., the vertices of
RN By, v € Z4), which we denote by Fy C F. Note that, for any stratified domain D and any
v € Z4, the restriction D N B, may also be considered as a stratified domain with stratification
FRr.v- See Figure 1 for an example of a stratified domain in d = 2.

Let D be a stratified domain and let U be a compact set, which contains an open neigh-
bourhood of D. For x € D and g € C L), Vrg(x) denotes the derivative of g restricted to
the unique stratum F containing x. A (stratified) critical point of g is a point x € F such that
Vrg(x) =0. The level of this critical point is the value g(x). By convention, all x belonging
to strata of dimension m = 0 are considered critical points. The number of stratified critical
points is denoted by N (D, g).

2.2. Stability of the component count. 'We next study the stability of the component count
on stratified domains under small perturbations. In the following section, we will apply these
estimates to Gaussian fields.

Extending our previous notation, for a function g € C Y(U) we let N, (D, g, ¢) denote the
component count of g at level ¢ inside D, that is, the number of connected components of
{g = £} (if x =ES) or {g = ¢} (if x = LS) which intersect D but not its boundary.

For a pair of functions (g, p) € C'(U) x C'(U), we say that (g, p) is stable (on D at level
£) if the following holds (and unstable otherwise):

e Forevery x € F € F \ Fo, either
2.1 lg(x) = L] =2|p(x)| or |Vrgx)|=2|VFpx)|.
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e Forevery x € F € Fy,
lg(x) — €| =2|p(x)|.

This notion of stability implies that the component count is unchanged under perturbation:

LEMMA 2.1. Letg,p€ C%(U). Then if (g, p) is stable (on D at level £),
No(D, g,8) =N(D, g+ p, ).

The proof of this result is given in Appendix B. To explain the intuition, consider the
interpolation g +¢p for t € [0, 1]. The pair (g, p) being stable implies that there are no values
of ¢ at which g + #p has a critical point at level £. In that case, the level sets {g + tp = £}
deform continuously as ¢ varies, and the component count does not change. This argument
also applies to excursion sets since these have level sets as their boundaries.

A consequence is that we can bound the change in the component count under perturbation
by the total number of stratified critical points in unstable cubes.

LEMMA 2.2. Letg, p e C*(U). Then

INW(D, 2,8) = Nu(D, g+ p, )| < 3 (Ne(D N By, @) + Ne(D N By, g + p)),
veld

where

U:={veV:(g,p)isunstable on DN By at level }.

PROOF. Define D' = DN (J,ey Bv)- Each excursion/level component inside D is either
contained in D \ D’ or else intersects D’. The number of components intersecting D’ is
dominated by the number of stratified critical points in D’, and hence

IN.(D,g,0) — N(D\ D', g,£)| <Ne(D',g) <Y Ne(DN By, g).
veld

The same equation holds if g is replaced by g 4+ p. By Lemma 2.1, we know that
N.(D\ D', g,£)=N.(D\ D', g+ p,¢).

Combining these observations using the triangle inequality proves the result. [J

REMARK 2.3. One might wonder why we do not simply define (g, p) to be stable if
the component counts of g and g + p are the same. The advantage of our definition is its
additivity: if Dy and D, are stratified domains and (g, p) is stable on both D and D>, then
(g, p) is also stable on D1 U D,. This is not true in general for stability in the sense of the
component count.

2.3. Application to Gaussian fields. We now give a quantitative estimate of stability
when a C2-smooth stationary Gaussian field is perturbed by a deterministic C' function,
or more generally, a C'-smooth Gaussian field, not necessarily independent of f.

LEMMA 2.4. Let f be a stationary C?-smooth Gaussian field such that (£(0), V £(0))
is nondegenerate. Let v € 74, let D be a stratified domain, which is a subset of B, and let U
be a compact set, which contains an open neighbourhood of D. Then for every ¢ > O there is
a cg > 0, independent of D, such that:
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1. Forall £ € R and every p € C1(U),

P((f, p) is unstable (on D at level £)) < cs||p||C1(U)

2. Forall £ € R and every C'-smooth Gaussian field p on U,
(t=M —c\/My)

P((f, p) is unstable (on D at level £)) < c, inf  (¢7f e 27 ),
>M+c/ My

where ¢ > 0 depends only on U,

My = |Epllciyy and My= ||C0V[p]||U1 y= sup sup [373) Cov[p(x), p(»)]]-
x,yeU lal,ly|<1

PROOF. By the definition of stability and the union bound, for any t > 0, the probability
that (f, p) is unstable is bounded above by

2.2) Z P( inf max{| f (x) — ¢].

} < 21) + P(jlellg max{|

}>‘L’)

(ignoring the Vp terms if F' € Fgp). Since we assume that D C B,, by stationarity and mono-
tonicity it suffices to control the terms in (2.2) in the case that D = By.

The first term in (2.2) can be bounded by a quantitative version of Bulinskaya’s lemma.
Specifically [38], Lemma 7, states that, for any ¢ € (0, 1), there exists ¢, > 0 such that, for
allt >0,

2.3) P(ing max{| £ (x) — |, |V f(0)|} < 2r) <ol

We note that the exponent 1 — ¢ is not given in the statement of [38], Lemma 7, but follows
immediately from the final inequality in its proof. Then the first statement of the lemma
follows by setting T = ||P||c1(U) in (2.2).

For the second statement, we need to bound the second term in (2.2). First, let us assume
that p is centred. For each stratum F € F, we define

IpllF.1 = sup sup [8%p|r(x)| and of = sup sup Var[3* p|r(x)].

xeF |a|<l xeF |a|<l1
By the Borell-TIS inequality [1], Theorem 2.1.1, for any = > E[|| p||F 1],
(2.4) P(Iplip.1 > 1) < e T EUPIRID?/ Qo)
By the quantified Kolmogorov’s theorem [38], Section A.9,

E[lpllF.1] < cvMa,
where ¢ > 0 depends only on U. Since we also have

0% = sup sup 9% 9% Cov[p(x), p(M)]ly=x| < M2,

xeF |x|<1

combining (2.3) and (2.4) gives the second statement.
In the case that p is not centred, for all 7 > 0,

}>‘L’)

< ]P’(sup max{|p(x) — E[p(x)]|,

xeF

]P’(sup max
xeF

—E[Vrp®][} > 7 = IEplciw))-

Therefore, the above arguments are valid on replacing  with 7 — [Epll¢c1 ). U
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3. Proof of the CLT. In this section, we give the proof of the CLT in Theorem 1.2, and
also of the positivity of the limiting variance in Theorem 1.3.

3.1. Martingale CLT for lexicographic arrays. The basis of the proof of Theorem 1.2 is
a classical CLT for martingale arrays which we now describe. This generalises the approach
of Penrose in [40].

We say that a collection of random variables S, ; and o-algebras F, ;, indexed by n € N
andi =1,...,k,, form a martingale array if for all n and i,

ElSyiv1|Fnil=S8n; and F,; € Fpnis1.

We say that the array is mean-zero if E[S, ;] = O for each n, i and square-integrable if
sup; E[Si ;] < oo for each n and we define the differences of the array as U, ; := Sy,i — Sp,i—1
fori=1,...,k, (setting S, 0 =0 by convention).

THEOREM 3.1 ([23], Theorem 3.2). Let {S,,;, Fni:1 <i <k,,n €N} be a mean-zero
square-integrable martingale array with differences U, ;. Suppose that

(3.1 . r{lax |Un,,-|£>0 asn — oo,
i=1,...,k,
2
(3.2) s‘ipE[izrlr?fkn Un’i] < 00,
ky
(3.3) S vz, B p?el0,00) asn— oo
i=1

Then Sy x, 4, Z, where Z ~ N (0, n?).

In [40], Penrose applied Theorem 3.1 to prove a CLT for the number of clusters in clas-
sical percolation. There is a technical difficulty in extending this argument to our setting:
the number of percolation clusters in a box depends on a finite number of random variables,
whereas the component count for a Gaussian field depends on the white noise throughout R¢
(or equivalently on restrictions of the white noise to unit cubes indexed by Z¢). We therefore
require a version of this result for infinite martingale arrays (i.e., we need to allow k;, to be
infinite). More precisely we wish to apply this result in the case that i is indexed by Z¢ with
the standard lexicographic ordering. The role of this particular ordering will become clear
later on; the important fact is that it is preserved by shifts of Z<.

To this end, we make some definitions. We say that a collection of random variables S, ,
and o -algebras F;, ,, indexed by n e Nand v € 74, form a lexicographic martingale array if
for all n € N and all v < w (where < denotes the lexicographic order) we have

E[Sn,w|~rn,v] = Sn,v and fn,v < -Fn,w-

The array is mean-zero if E[S, ] = 0, and square-integrable if sup,, E[S,%vv] < oo for each n.
We say that a sequence of points in Z¢ converges to +00* (in the lexicographic ordering)
if each coordinate of the points tends to £00. By the backwards martingale convergence
theorem, for each n, S, , converges almost surely to some integrable limit as v tends to
—oo*. Therefore, we assume without loss of generality that this limit is zero for each n.
We say that the array is regular at infinity if the following holds: for each n € N,
i€f{l,...,d—1}and (vy,...,vj) € Z',

lim  Spy=  lm S,
[ee) ; 0 ’
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where v = (vq,...,vg) and v/ = (v, ..., vi—1,v; + 1, Vi1 ..., vq). (Note that both of the
above limits exist, almost surely and in L2, by the L? martingale convergence theorems for
forward/reverse martingales.) For v € Z¢, let v~ denote the previous element in the lexi-
cographic ordering of Z¢, and define the differences of the array as U, , := Sy, — Spo—- A
simple argument iterating over the coordinates of v shows that being regular at infinity allows
us to write

SnJ)_'Sh,w = j{: Lﬁuk

w<k=<v

for any w < v, where the limit implied by this summation holds almost surely and in L?. Note
that a priori we do not know that this sum converges absolutely, so the order of summation
should be taken in a way that is consistent with the lexicographic order. However, we only
work in the setting that E[Y ", c74|U, v|”] < 0o for p € {1, 2}, and so we may ignore this sub-
tlety. Then using the L? martingale convergence theorems for forward/reverse martingales,
we see that (for an array which is square-integrable and regular at infinity)

3.4 Sn,oo* = v1—1>rc£10* Sn,v = Z Un,ka
kezd

where the limit holds almost surely and in L2.

THEOREM 3.2. Let {Sy v, Fnv:V € 74 n e N} be a mean-zero square-integrable lexi-
cographic martingale array, which is regular at infinity. Suppose that

(3.5) sup |Uno| 20 asn— oo,
veZd

(3.6) supE[ sup U,f’v] < 00,

n vezZd

1
(3.7) Z Unz’v L—) n2 €[0,00) asn— o0,
veZd
(3.8) E[ > |U,,,v|} <oo forallneN.
veZd

Then Var[S,. oo+ ] — n° and Sy, sor 4 7 where Z ~ N(0, n?).

REMARK 3.3. Compared to Theorem 3.1, as well as holding for lexicographic arrays
Theorem 3.2 also strengthens the mode of convergence by adding the summability condition
(3.8) and assuming L! convergence in (3.7) rather than convergence in probability as in (3.3).

PROOF. Using orthogonality of martingale increments and (3.4),

Var[ Sy, 0ot ] = E[ > U,iv],

veZd

and hence (3.7) implies that Var[S,, »o+] — 12, proving the first part of our result. Moreover,
combining this with (3.8) we can find a sequence of points a, € N tending to infinity such
that as n — oo,

(3.9) sup IE[ > |Un,v|P]—>0.

p=12" Lygn,,
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Recalling that martingale increments are orthogonal, this implies that }, ¢ Agy—1 Un,v con-

verges to zero in L (and hence in probability).

We now define a finite martingale array by restricting S, , to the box A, . Specifically, for
each n we let vy, v2, ..., vg, denote the elements of A,, N 74 ordered lexicographically and
we define

Tn,j = Sn,vj, gn,j :=Fn,vj’

Viji=Tnj—Tajo1= Y. Uny forj=1,... k

Vj—1<V=V;

with the convention that vg = —oc0™*. We wish to apply Theorem 3.1 to this construction. First,
we consider the differences V), ; in terms of U, ,. If the point preceding v; lexicographically
is contained in A, (i.e., if vj_ =vj_1), then V, ; = U, , for some v € A,,. Otherwise, we
have v ¢ A, for all v such that v;_; < v < v;. Considering these two cases, we see that

max Vol < max [Upy| + YooY Unnl S sup|Unnl+ Y (Unol.

]_ ~~~~~ n _ . . d
J17 A, Vi1 <VEY) Ve vEA G, -1

By (3.5) and (3.9), this converges to zero in probability, verifying the first condition of The-
orem 3.1.
By the same reasoning,

2
2 2
r{laxk anj < rnax U vt Z Z Un,v> .
Jvj A, Vs 1<V=Vj

Taking expectations, using orthogonality of martingale increments, (3.6) and (3.9), we see
that the second condition of Theorem 3.1 also holds.
We also have

kn
E Z Vnz,j o Z Ulf,v
j=1

Vv,V EAg,

2l Y (2 w)]z T e

Jvy ¢, Vim1=VEY; V¢, -1

which converges to zero by (3.9). Hence, by (3.7) (and applying (3.9) once more) we verify
the third and final condition of Theorem 3.1. We therefore deduce that

kn

d
Y Vai—Z,
Jj=1

where Z ~ N(0, n%). Finally, we observe that by the two types of expression for V,. j in terms
of U, , described above

n,j n,oo*

kn
= ZVn,j_ Z Un,v = Z |Un,v|-
j=1

veZAd véAgy

The right-hand side converges to zero in L' by (3.9) and so we see that Sn.oo 4 7 as
required. [J

3.2. Application to the component count. We can now outline our proof of Theorem 1.2.
In fact, we will prove a version of this result which holds for the number of components
contained in slightly more general domains (i.e., not just the cube Ag = [—R, R]%).

We say that D C R4 is a box-domain if it is abox D = [aj, b;] x - - - X [ag, bg] considered
as a stratified domain in the sense of Section 2. We write | D| for the volume of a box-domain,
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and asp(D) = min; |b; — a;|/ max; |b; — a;| for its aspect ratio, that is, the ratio of its shortest
to longest side lengths. We say that a sequence of box-domains D, converges to R? (written
D, — R4y if U, Mion Pm = R? and inf, asp(D,,) > 0.

Henceforth, we suppose that f satisfies Assumption 1.1, and fix x € {ES, LS} and ¢ € R.
Recall from Section 2 that N, (D) = N, (D, f, £) denotes the component count for f atlevel £
inside D. Our desired CLT now takes the following form.

THEOREM 3.4 (CLT for the component count).  There exists a o> > 0 such that, for every
sequence of box-domains D,, — R, as n — o0,
Var[N,(Dp)] 2 Nu(Dy) — E[N.(Dp)] a
— " >0

d —o0Z,
D] o D, [1/2 ?

where Z is a standard normal random variable. A representation for o* is given in (3.34).

PROOF OF THEOREM 1.2. For a sequence R, — oo, take D, = [—R,,, R,1? in Theo-
rem3.4. O

Theorem 3.4 is proven in the following way. Recall that f may be represented as f =
q * W where W is the white noise on R?. For v € Z4, recall that B, = v + [0, 1]¢, and write
W, for the restriction of W to the cube B,. Fix a sequence of box-domains D, — R4, and
define for v € Z¢,

E[N«(Dn)|Fn,v] — E[N.(Dy)]
|Dy|1/2 ’

3.10) Sy = where F, = Fy i=0 (W, |lu <),
recalling that < denotes the lexicographic order.

LEMMA 3.5. Egquation (3.10) defines a mean-zero lexicographic martingale array,
which is square-integrable, regular at infinity and satsifies

N.(D,) —E[N,(D
(3.11) lim S,,=0 and Syor= lim S,,= (D) — EIN(D)]
v—>—oo* ’ v—>o0* | D, |1/?

PROOF. It is clear that (3.10) defines a lexicographic martingale array (by the tower
property of conditional expectation). Square-integrability follows since N,(D,) has a finite
second moment for each n. By Lévy’s downward and upward convergence theorems, respec-
tively, we have

asv > 00" E[N.(D)IF] > E[N.(D)| () £ =E[N.(D)

veZd

a( U f,,)} = N.(Dy).

veZd

(3.12)

as v — 00*  E[N.(Dy)|Fy] — E[N*(Dn)

This verifies (3.11).
Finally, we show that (3.10) is regular at infinity. We fix vy, ..., v; € Z and two sequences
7™ and k™ in Z¢ such that

j(m) = (1)1,...,vi,aim),...,aéni)i),

e :(Ul,---’Ui —i—],bim),...,bflni)i),
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where a%m), s afl’f)l. — oo and bim), e bg’i)i — —oo with m. By Lévy’s upward and down-

ward theorems, as m — oo we have
E[Nu(Dp)|F jon ] = E[No(Dp)|F~]  and  E[Nu(Dy)|Fyom ] — E[N.(Dy)|F 1],
where
.F_=U<U Fj(m)) and .F+= mfk(m).
meN meN

Regularity at infinity then follows if we can show that the completions of F* and F~ co-
incide. Observe that F7 is generated by events in F~ together with those measurable with
respect to a ‘tail’ of independent variables. Therefore, we can prove equality by generalising
the proof of Kolmogorov’s zero-one law. Specifically for A € 7T, defining

G i=a (WK™ <0 <k) and G =0 (UG

we may apply Lévy’s upward theorem once more to see that
(3.13) E[1alo(F~,Gn)] — E[1alo(F . Gx)] =14,
where the final equality follows since o (F~, Goo) 2 Fry 2 F +. However, since F1 is in-
dependent of G,, we have
E[Lalo(F . Gn)] =E[LalF].

Combined with (3.13), we conclude that A is measurable with respect to the completion of
F~,asrequired. [J

As a consequence of this lemma, Theorem 3.4 will follow from our lexicographic mar-
tingale CLT (Theorem 3.2) provided we verify conditions (3.5)—(3.8). This verification will
require several preparatory lemmas.

The first step is to find an alternative representation of the martingale differences U, . Let
W’ be an independent copy of W and define a new white noise

Wy (A) = W(A\By) + W/ (AN By).
Roughly speaking, W, is simply W after resampling independently on B,. We then define
fo=¢q* W, and
(3.14) Ay(D)=Nu(D, f,&) = Nu(D, f0, 0),

that is, A,(D) is the change in the component count inside a domain D upon resampling
the white noise on the cube B,. The importance of resampling comes from the following
representation:

(3.15) Un.o = |Dn| V2 E[ A (D) Fy]  ass.,

which follows easily from the independence of the white noise on disjoint regions. Finally,
we define the perturbation function p, : R¢ — R by

o) 1= Fol@) — Fx) =/B g(x — ) d(W — W) ().

Note that ﬁ is equal to f in law, and p, is a centred Gaussian field.

We can control A,(D) by applying the stability estimates from Section 2. We let
V ={w e Z%: DN B, # @} denote the indices of cubes which intersect D. For w € V, re-
call the notion of stability of a pair of functions (g, p) (at level £) on D N By, considered as
a stratified domain. For v € Z4, we define the (random) unstable set

Uy =Uy(D) :={w € V|(f, py) is unstable on D N By, }.

Recall also the exponent 8 > 9d from Assumption 1.1, which appears in subsequent bounds.
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LEMMA 3.6. For each § > 0, there exists ¢ > 0, independent of D, such that, for all
ve Zd,
P(v € Up) < c(1+ [v])PT.
PROOF. By Lemma 2.4, for every ¢ > 0 there exist c., ¢ > 0, independent of D, such
that
Pvelly) <cs inf (r'7F 4 e~ TV QM)

T>c/ My

where

My= sup  sup 373} Cov[po(x), po(y)]|-
x,yev+As ol ly|<2

By the white noise representation of po, for |«|, |y | <2,
207 Covfpotor. ]| = 2 [ a2 =07 q(y — ) du,
0

where the exchange of derivative and integration is justified by the dominated convergence
theorem, since ¢ € C3(RY) and By is compact. By Assumption 1.1, we conclude that
M, <ci(1+ |v])~?. Choosing 7 = 2¢/c1(1+ [v]) P+ > 2¢/M, for some > 0, we have

P(v € Up) < ca((1+ o)) P08 4 6—63(1+|v|)2")

for some ¢, c3 > 0 independent of D. Choosing 1, ¢ > 0 small enough, we can ensure that
this expression is bounded by cs(1 + |v]) 1% for any § > 0 as required. [

The previous lemma, combined with the stability in Lemma 2.1, shows that with high
probability A, (D) = 0 if v is far away from D. In the following lemma, we control the
(2 4+ ¢)-moments of A,(D); this makes essential use of the third moment bound in Theo-
rem 1.6.

LEMMA 3.7 (Bounded moments). For each ¢ € [0,1 —9d/B), the following hold:
1. There is a c1 > 0 such that, for every box-domain D,
E[|Ao(D)|* ] < c).
2. Foreverya > 0and y < B(1 —¢)/3, there is a c» > 0 such that, for every box-domain
D with asp(D) > a,and R > 1,
_ d-1
> E[lAuD) ] <l DPRTY (R 4+ RID|T).
dist(v,D)>R
3. Forevery a > 0, there is a c3 > 0 such that, for every box-domain D with asp(D) > a,

3" E[|au(D)[T] < 31Dl

veZd

PROOF. Recall that N.(D N By, g) denotes the number of stratified critical points of g
in D N By, and define N.(By) = N.(D N By, f) + N.(D N By, fo). By Lemma 2.2 (applied

to g = f and p = po),
(3.16) |A0(D)| < Y Ne(By)Lversy-

veV
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In order to control the (2 + &)-moment of this quantity, we use the following elemen-
tary bound, which follows from the reverse Minkowski inequality: for xi,...,x, > 0 and
p €0, 1),

n 1/p
(3.17) (fo) > (PP (x)P = le
i=1

Combining this with (3.16) yields, for any ¢ € (0, 1),

24e

[AoD)** < (Z Nc(Bv)]lveu())HE - ((Z NC(BU):H.UEM0>3> ’

veV veV

2+e
3

=< 3 Nc(Bu)E(BU)WC(Bw)ﬂu,v,weuo)

u,v,wevV
— — — 24¢
=< Z (Nc(Bu)Nc(Bv)Nc(Bw)) 3 ]lu,v,weuo-
u,v,wevV

Taking expectations and using Holder’s inequality, we have

(3.18) E[[aoD) < Y [ E[NB)I5 PG ety

u,v,weVie{u,v,w}

By the third moment bound (Theorem 1.6) applied to f and fo over each stratum of B;, and
by stationarity, we have that E[N C(Bi)3] is uniformly bounded over i Z4. We therefore see
that

1—¢ 3 1—¢ 3
(3.19) E[|Ao(D)[*T] < C4<Z P(v eu0)9) < C4< > Pw euo)9>

veV vezd

for a constant ¢4 > 0 depending only on f. Lemma 3.6 shows that this summand is
bounded by c¢5(1 + |v])~B=DU=/9 for any § > 0. Choosing § sufficiently small so that
(B—98)(1 —€)/9 > d (which is possible since ¢ < 1 — 9d/B) ensures that the exponent is
less than —d and so (3.19) is bounded uniformly over D.

We turn to the second statement of the lemma. Let § > 0 and define y = (8 —38)(1 —¢€)/3;
without loss of generality, we may assume § is sufficiently small so that y > 3d. By (3.19)
and stationarity,

Z E[|AU(D)|2+8] <ce Z (Z(1+|v_w|)—y/3>3

dist(v,D)>R dist(v,D)>R weV
3
(3.20) <c Y. (Z dist(v, D)_V/3>
dist(v,D)>R ‘weV

<clD? ) dist(v, D).
dist(v,D)>R

We now claim that

. _ -~ -1
(321) Z dlst(v, D) 14 S c7(R V+d + |D| a R y_i,_])’
dist(v,D)>R

where ¢7 > 0 depends on d, y and a. Then combining (3.20) and (3.21) establishes the second
statement of the lemma. It remains to prove (3.21), which we do below in Lemma 3.8.
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For the third statement, we take R to be the shortest side length of D, which is comparable
to |D|'/? by assumption, and partition Z? into regions with distance greater/less than R
from D. Then choose y € (3d, B(1 — €)/3), and combine the first two statements of the
lemma. [

LEMMA 3.8. Let y > d and let D be a box-domain such that asp(D) > a > 0 and
|D| > 1, then there exists a constant ¢ > O depending only on d, y and a such that for R > 1,

3 dist(v, D)7 < (R +|D|“T RV ).
veZd dist(v,D)>R

PROOF. Let D' =[aj, bi] x--- x [agq, bg] be the smallest box-domain containing D such
that a;, b; € Z for all i. It is enough to prove the lemma for D’, since dist(v, D) < dist(v, D)
for any v and |D’| < cq|D|. For v € Z¢, we write C (v) for the closest point to v in D’ N Z4,
The idea of the proof is to partition {v|dist(v, D’) > R)} according to the value of C(v).

Fori=0,1,...,d,let Face; denote the points x € D' N 74 such that d + i of their nearest
neighbours (in Z¢) are also contained in D’. So, for example, Faceq denotes the corners of
D’ and Facey denotes the points of Z? in the interior of D’. We note that the number of

points in Face; is at most ¢|D’ |lﬁ, where ¢ depends on d and a, by elementary geometric
considerations.

We define S, = {v|dist(v, D') > R, C(v) = x}. Observe that S, = @& whenever x € Face,.
Moreover, when x € Face; and v € S, x — v must be orthogonal to each of the i directions
in which both neighbours of x are contained in D’. In other words, Sy — x is contained in a
subspace of dimension d — i, and hence

— — —y4d—i
Dlv—xTV< D Iy <, RV

VES, yeZd=i:|y|>R
We then conclude that
Z dist(v, D') Z Z Z|v—x| V<ch|D|l/dc RTYHd
veZd:dist(v,D’)>R i=0 x€Face; veSy

d—1
c(R7T 4+ |D'| T R7VHY
as required. [J
The next ingredient is a ‘stabilisation’ property that Ag(D,) converges almost surely as
D, — R?, which follows essentially from the fact that, by Lemma 3.6, the unstable set
Uo =, Uo(Dy) is almost surely finite (at least, as long as d D, does not intersect any cube
B, too many times). This requires only the weaker assumption § > d.

A sequence of box-domains D,, — R4 will be called well spaced if the number of indices
n for which 3 D,, intersects B, is bounded over v € Z4.

LEMMA 3.9 (Stabilisation). For every well-spaced sequence of box-domains D, — R?,
there exists a random variable Ay(R?) such that

Ao(Dp) L5 Ag(RY)  asn — oo.

PROOF. Define the set
Uy := UZ/{O(D,,) = {w € Z%|(f, po) is unstable on D, N By, for some n}.
n



898 D. BELIAEV, M. MCAULEY AND S. MUIRHEAD

By Lemma 3.6, the fact that D,, is well spaced and the Borel-Cantelli lemma, Uy is finite
almost surely. Fix such a realisation of f and pg, and choose 0 < R; < Rj such that (i)
By, C Ag, for all w € Up, and (ii) every bounded component of { f = £}, which intersects
AR, 1is contained in Ag, (i.e., does not intersect R4 \AR,).

We claim that if Ag, € D,, then

(3.22) Ao(Dy) = Nu(Ag,. f.0) = Nu(Ag,. fo. 0),
where N, (A R;» f>£) denotes the number of bounded components of {f > £} (or { f = £} if

*» = LS), which intersect Ag,. This concludes the proof of the lemma by taking n — oo.
To prove (3.22), observe that

N*(Dn’ f’ E) = N*(DH\AR]a fa g) +N*(AR15 fa Z)a

which holds because any component of { f > £} (or { f = £}) contained in D, is either con-
tained in D, \ Ag, or intersects Ag,, and by the definition of R;, all components of the
second type are contained in D,,. This also holds if we replace f by fy of course, and so

Ao(Dp) = Ag(Dp\AR,) + Nu(Ag,. f2£) — No(Ag,. fo. 0).

Finally, by Lemma 2.1 (applied to g = f and p = po) and the fact that B,, C Ag, for all
w € Uy, we have Ag(D\Ag,) =0. Combining these gives (3.22). [

Finally, we will require an ergodic theorem to prove the convergence in (3.7). The follow-
ing theorem will be well suited to our purposes, as it allows us to sum over translations in d
dimensions.

THEOREM 3.10 (Multi-variate ergodic theorem [27], Theorem 25.12). Let & be a ran-
dom element in some set S with distribution . Let Ty, ..., Ty be p-preserving transforma-
tions of S. Assume that the invariant o-algebra of each T; is trivial and let F € L?P () for
some p > 1,thenasny,...,ng — 00,

d
! SN F(T T ) - E[F(®)],

LR R

where convergence occurs almost surely and in LP.
With these results in hand, we are ready to prove Theorem 3.4.

PROOF OF THEOREM 3.4. We first fix a well-spaced sequence of box-domains D,, — R?
and prove the result for this sequence, that is, we prove that there exists o> > 0 (possibly
depending on D,,) such that, as n — oo,

Var[N.(Dy)] 2 Ni(Dy) —E[N.(Dyn)] 4
———— 50" and 7 —oZ,
| Dn| | Dn|

where Z is a standard normal random variable. At the end of the proof, we will argue that o2
does not depend on the sequence D, and also lift the requirement for D,, to be well spaced.

Recall from Lemma 3.5 that it is sufficient for us to verify conditions (3.5)—(3.8) for U, , =
| D |~ PE[ A (D) F)-

Consider first (3.5). Fix n > 0 and ¢ € (0,1 — 9d/8). By applying the union bound,
Markov’s inequality, Jensen’s inequality and the third statement of Lemma 3.7, we have

P(sup [Unol > 1) <0~ 3 B[00 7]

d
VEZ vezd

(3.23)

2+¢ &
<9~ @D, 175 3 E[|A (D) 7] < esn” D, 75
veZd

Since this converges to zero as n — 0o, we have verified (3.5).
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We can use similar estimates for (3.6): replacing the supremum by a sum, using the con-
ditional Jensen inequality and the third statement of Lemma 3.7,

E[sup U2 ]

) D1 2 [Av(Dn)Z] <c3,
veZs

as required. Furthermore, by the conditional Jensen inequality, the fact that A, is integer
valued and the above bound,

[Z |Un, vq <IDuI72 Y E[|Av(DW)|] < 1DaI72 Y E[Ay(Dy)?] < 00
vezd veZd vezd
verifying (3.8).
We turn now to (3.7). Letting 7, denote translation by v (for v € Z¢), we note that the se-
quence of random variables A,(D,) for n € N has the same distribution as the sequence
Ao(t—yDy). Therefore, by Lemma 3.9, for each v € Z¢ there exists a random variable

A, (RY) such that A, (D, ) 2% Ay(R?) as n — o0o. For v € Z4 and a box-domain D, let
X,(D) =E[A,(D)|F,] and X, =E[A,(R?)|F].

The statement we need to prove is that

1
(3.24) ID,17' Y X2(Dy) 5 02

veZd

asn— oo.Let V, ={w e 74D, N B, # @} denote the indices of cubes, which intersect
D,,. Our strategy is roughly to show that the sum over v ¢ V,, is negligible whilst for v € V,,
we can approximate X 2(D ) by X , and hence apply the ergodic theorem.

Aiming towards the setting of Theorem 3.10, we let & = (W,, W), eza denote the pair of
white noise processes used to define f and ( fv)vezd and work with the probability space in-
duced by the distribution of . Let T1, ..., Ty denote translation by distance 1 in the positive
direction of each of the coordinate axes, respectively. These are clearly measure preserving
transformations of & = (W,,, W,),cz«. Moreover, since the W,, and W, are independent and
identically distributed, the o-algebra of invariant events associated to each such transforma-
tion is trivial (this follows from a standard argument using Kolmogorov’s 01-law). In the
following paragraph, we adjust our notation to emphasise the dependence on the underlying
white noise processes: for example, we write X, (D, &) := X, (D), X, (§) := X, and similarly
for other variables. We claim that for any v € 74,

(3.25) Xy(§) = Xo(t—8),

where t_,& = (1, W, _, W) denotes the translated white noise processes defined by
(T_yW)y = Wy for u € Z¢ (and similarly for W’). To prove this, first note that for any
box-domain D,

Ay(D, &) = Ao(t—y D, T_1§).

This follows from the definition of A, in (3.14) since translating W and W’ by —v is equiv-
alent to translating f and f by —v (courtesy of (1.3)). Choosing a sequence of box-domains
D, — R4 (and noting that this is equivalent to t_, D, — R4 for fixed v), we see from
Lemma 3.9 that

Ay(Dp, &) — Av(Rd,S) and Ag(t_yD,, T_v€) — Ao( , T_p€) almost surely.
Hence, these limits coincide. Finally, noting that
Folt—uW) i= 0 ((t=y W) lu < 0) = 0 (Wypy | < 0)

(3.26)
=o(Wy|lu xv)=: F,(W),
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where the penultimate equality relies on our use of the lexicographic ordering, we see that
X&) =E[A,(RY, )| Fy(W)] = E[Ao(RY, 1—08) | Fo(r—y W)] = Xo(1—1%).
This verifies (3.25). By Fatou’s lemma, Lemma 3.9 and the first part of Lemma 3.7,

(3.27) E[|Xo()|*"] < liminfE[| Xo(Dy, §)[**] < c1,

so X3 has a finite (1 + €/2)-th moment. Hence, noting that 7, = T,* --- T} for v € Z%, we
may apply Theorem 3.10 to conclude that

(3.28) DY X2 =10, Y X3(r-08) S B[]

vevV, veVy,

as n — oo.
It remains to compare the left-hand side of (3.24) to |D,, |1 > vev, X % As such, for each
n € N, choose box-domains D,” C D, C D,‘f of the form

+
Dy = | B,
UEV,,jE
for index sets Vni C 74 such that, as n — oo,

¢ :=max{l — |D, |/|Dnl,

Df|/IDa] =1} =0
and
o = min{dist(V,, ", Z\V,), dist(Z\V,, Va)} ~ 1D, T,

where A > 0 will be specified below. Roughly speaking, this means that the distance between
D;; (resp., D;7) and D, goes to infinity, but slowly compared to the order of |D,|.

We now show that the contribution to (3.24) from v outside VI is negligible; by the second
statement of Lemma 3.7, for every y < /3 there is a ¢, > 0 such that

— d—1 _ 1Y
> X5<Dn)]SclenlznnV(nZ+nn|Dn| T) <cy| Dy M 0Pa

1
(3.29) —E[
|Dn| 1}¢Vn+

Since y > 3d, this expression will converge to zero provided we choose A > 0 sufficiently
small.

We next claim that the contributions from v inside V, are well approximated by their
stationary counterparts, that is,

_ L!
(3.30) 1D Y (X2(Dy) — X2) =5 0.
veV,

Clearly, it is sufficient to show that

lim sup E[|X2(D,) — X2|] =0.

veV,

Suppose that this was not true, so there exists some sequence of points v, € V,;~ such that
(3.31) 0< l}ln_l)loroleHXvn (D) — X, |]= l}in_l)longHXo(T—v,, Dy) — X§|]-
We note that 7_,, D,, converges to R since N, — 00. Hence, by Lemma 3.9,

a.s.
X(Z)(t_vn D, — X(Z) as n — oo.
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Moreover, by the first statement of Lemma 3.7, X 8(r_v" D,) — X% is uniformly integrable.
However, these two facts contradict (3.31) and so (3.30) is proved.

Finally, we note that the contributions to (3.24) from V," \ V, (or V,, \ V, for the station-
ary counterparts) are also negligible. Specifically, by the first statement of Lemma 3.7,

63 DTE[ Y X300 226 sup BX2D)] <2606, 0,

i
veV,,+\Vn_ veEZA

and similarly by (3.27)

(3.33) |Dn|_1E[ > Xﬂ <15 — 0.
veVi\Vp

Combining (3.29), (3.30), (3.32) and (3.33) with (3.28) allows us to conclude that (3.24)
holds. This verifies the final condition required, and hence proves (3.23).

It remains to argue that o2 is independent of the choice of the sequence D,,, and that we
may lift the requirement that D, be well spaced. To prove the former, suppose E, — R?¢
and F, — RY are two well-spaced sequences such that (3.23) holds for distinct o%; and O'%-
respectively. Consider an alternating sequence G, thatis, G, = E, if n is odd, and G,, = F,
if n is even. Since G, — R? and G, is also well spaced, (3.23) holds for a constant aé,
which is in contradiction with the fact that (3.23) holds for aé and 01% along subsequences of
odd, respectively even, indices.

To lift the requirement that D,, be well spaced, we fix the (unique) value of o2 established
in the previous paragraph. Then let D, — R¢ be arbitrary, and suppose for the sake of con-
tradiction that (3.23) does not hold for o2. Then by compactness there exists an s € R and a
constant p € [0, 1] such that p £ P[Z > s /o] (interpreted as O if 02=0), satisfying

P[|Dy|” > (N, (D) — E[N(Dy)]) = 5] — p

along a subsequence. Since D,, — R?, one can extract a further subsequence such that D,, is
well spaced. However, since (3.23) holds for this subsequence, we have a contradiction. [J

REMARK 3.11. From the above proof (in particular (3.28)), it is apparent that the limit-
ing variance stated in Theorems 1.2 and 3.4 is given by

(334) o =E[E[Ao(R!)|F )] =E[E[ lim Nu(Ay, f,0) = Nu(Ay, fo,€)|]-“0]2],

where Ag(R?) is the random variable defined in Lemma 3.9 for the sequence D, = A, (in
fact one can take any well-spaced D,, — R in place of A,). This expression highlights the
importance of the choice of filtration for our proof: clearly, (3.34) could not hold simulta-
neously for arbitrary filtrations satisfying the normalisation (3.12). Our application of the
ergodic theorem relies crucially on the equality in (3.26). This property holds only for the
standard lexicographic order up to reflection/reordering of the axes.

REMARK 3.12. Recall that our proof requires the correlation decay f > 9d in Assump-
tion 1.1. This condition arises from Lemma 3.7, where it is combined with a third mo-
ment bound for critical points (Theorem 1.6) to control the (2 4+ ¢) moments of A, (D).
If higher order moment bounds for critical points were available, then by adjusting the proof
of Lemma 3.7 we could reduce the decay assumption on . Specifically, if we knew that
E[N,.(1)¥] < 0o for some integer k > 4, then we could replace (3.18) by

Eflaa 1= Y I EN«BIF PG ety 5,

u,v,weVie{u,v,w}
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which would allow us to obtain the CLT for all 8 > 3kd/(k — 2). Interestingly, even if all
such moments were known to be finite, this would still only cover the regime g > 3d, and
not the entire short-range correlated regime 8 > d.

After this manuscript was submitted for publication, higher order moment bounds for crit-
ical points were proven independently in [4, 20]. Specifically, it was shown that if f is a
stationary Ck+1 field with a continuous spectral density then E[N,(1)F] < co. Hence, if such
a field satisfies Assumption 1.1 for 8 > 3kd/(k — 2) then the CLT holds for the component
count.

3.3. Positivity of the limiting variance. We now turn to proving Theorem 1.3. Again we
work under Assumption 1.1, and take » € {ES, LS} and £ € R as fixed.

Let us briefly describe our strategy. Recall that the limiting variance o> = o2(£) is given
by (3.34), whose expression involves conditioning on Fy. The first step is to bound o from
below by replacing the conditioning on Fy with conditioning on a single univariate Gaussian
Z corresponding to the mean of the white noise on a large box D. Then it is sufficient to
show that the variance of the mean component count, as Z varies, is strictly positive. In turn,
it suffices to show that the mean component count is not constant when a drift (i.e., a change
in the mean) is added to Z. On the other hand, as long as [ ¢ > 0, adding such a drift has the
effect of shifting the mean of the field inside the large box, with boundary-order corrections.
So, since the component count density (i.e., the function u.(€) in (1.1)) is strictly positive
and tends to zero as the level tends to infinity, provided the box and drift are chosen large
enough, the drift necessarily has a nonzero effect on the mean component count, as required.

We now formalise this strategy. Let us begin with a variant of the stabilisation lemma
proven above. Recall that f~0 denotes the field f with the white noise in By resampled. For
brevity, we henceforth drop the level £ from the notation N, (D, g, £).

2

LEMMA 3.13.  Let w € C*(RY) be such that there exists ¢ > 0 and y > 3d /2 so that, for
all x,

(3.35) lmla)é{a‘xw(xﬂ <c(l+x))77".

Then there exists a random variable D(w) such that, as n — o0,
Nu(Ap, f+w) — Nu(An, fo) =5 D(w).
Moreover,

E[D(w)] = lim E[N (A, f+w)]—E[N(An, f)],
and E[D(w(-))] = E[D(w(x + )] for any x € R4.
REMARK 3.14. In particular, w = g * 1p satisfies (3.35) for any compact D.

PROOF. Recall that pg = fo — f. Define the (random) unstable subset
U={ve Z%: (fo, w — po) is unstable on B,}.
By Lemma 2.4, for every ¢ > 0 there are c,, ¢ > 0 such that
e—(r—cM—uwHCl(U+A2>)2/<2Mv)),

P(v elh) < ce inf (17 +
> Wl ety 5, Fev/ Mo

where, as shown in the proof of Lemma 3.6, M, < c{(1 + |v|)_2’3. For some 1 > 0, we now
choose

T =c(1+ o) "™ > 26 /My + lwll et sny)s



A CLT FOR THE NUMBER OF EXCURSION SET COMPONENTS OF GAUSSIAN FIELDS 903

where the inequality holds for an appropriate choice of constant c; > 0. We then have

Plvel)) < 63((1 + |v|)*(min{ﬂay}*ﬁ)(1*8) +e—C4(1+|U|)27))

for some ¢3, ¢4 > 0 depending on &. Choosing 7, & > 0 small enough, we can ensure that
this expression is bounded by ¢5(1 + |v|)~ ™A ¥}+8 for any § > 0. Since this expression is
summable over v € Z¢, arguing as in the proof of Lemma 3.9, we see that

No(Aps f+w) — No(An, fo)

converges almost surely as n — 0o, proving the first statement. _
Turning to the second statement, by Lemma 2.2 (applied to g = fp and p = w — po),

INo(Ap, f+w) = Nu(Ap, f0)] = Y (Ne(Bu, f +w) + Ne(Bu, f0)) Lo, -
vezd

Then by Holder’s inequality, Theorem 1.6, and the fact that min{g, y} > 3d/2,

E[ S (Ne(By, f +w) + Ne(By, ﬁ))ﬂvem]

vezd

< 3" E[(Ne(By, f +w) + Ne(By, J0))*]*Pw et)??

veZd
2 .
<c 3 (1)) 3BT o
veZd

for ¢ > 0 depending only on f and ||w||c4ray, Where we have taken 8 > O sufficiently small

to ensure that the sum is finite. Thus, |N,(A,, f + w, £) — N (A,, fo, £)| is dominated by
a quantity with finite expectation, so by the dominated convergence theorem and equality in
law of fp and f,

E[D(w)] = lim E[N(An, f+w)=N(Ay, fo)] = lim E[N(An, f+w)]—E[N (A, )],

as required. The final claim follows by stationarity, since the argument for the existence of
D(w) in the proof of Lemma 3.9 shows that D(w) is unchanged if A, is replaced by A, — x.
O

Let us next give a sufficient condition for o > 0. Later we will verify (a rescaled version
of) this sufficient condition under the additional assumption that [ g > 0.

LEMMA 3.15. Suppose there exists a set I C R of positive measure such that, for all
sel,
(3.36) Tim E[N.(An. f +5(q * 15,). )] = E[Nu(An. f. )] <0.
Then o > 0.

PROOF. Consider an orthogonal decomposition of the white noise W|p, into the Gaus-

sian function Zy1(-)|p, and an orthogonal part, where Z is a standard normal random vari-
able, and observe that Zg is measurable with respect to Fg. Define the function

F(2) =E[Ao(RY)|Zo = z].
Then by Jensen’s inequality,

o =E[E[A¢(RY)|Fo]*] = Var[ F(Zo)].
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On the other hand, for every s € R, by definition
E[F(Zo+s)]=E[D(s(q * 1p,)].

Hence, by Lemma 3.13 and (3.36), E[F(Zp + s)] <0 on a set s € [ of positive measure,
which implies that Var[ F(Zp)] > 0 as required. [J

Towards verifying (3.36), let us collect some facts about the component count density
p= px(£) in (1.1).

LEMMA 3.16. The following hold:

1. Forall £ e R, u,(£) > 0.
2. As £ — 00, U (£) — 0.
3. Forall £ e R, E[N,(Ay, f, )1/n% — . (£) as n — .

PROOF. (1). By Lemma A.1, the support of the spectral measure of f contains an open
set. By [38], Appendix C.2 and Theorem 1, this ensures that uys(0) > 0, and the proof of
this result applies equally well to all £ € R for both excursion and level sets.

(2). We first claim that

(3.37) 14 (€) <E[Ne(A1, f, [, 00))],

where N.(A1, f, [£, 00)) denotes the number of critical points of f in A with level at least £.
To see this, observe that N, (A, f, £) is bounded by the number of stratified critical points of
f in A, with height at least £. This is a standard consequence of Morse theory: when raising
the level, the topology of the excursion/level set can only change upon passing through a
stratified critical point and for each such point the component count can change by at most
one. Moreover, when the level is sufficiently high, the excursion/level set is empty so we
must have passed through at least one critical point for each component. (See [21] for a
comprehensive background on the Morse theory of stratified spaces or [24] for a concise
introduction.) Since the expected number of stratified critical points in a boundary stratum of
A,, scales like n* where k € {0,1,...,d— 1} is the dimension of the stratum, by the definition
of 1, and stationarity of critical points we have (3.37). To complete the proof, we claim that

E[Nc(A1, f,[€,00))] = 0

as £ — oo.Indeed N.(A1, f, [£,00)) — 0 almost surely, and N.(A1, f, [£,0)) <N (A1, f),
which has finite expectation. Then the claim follows from the dominated convergence theo-
rem.

(3). This follows immediately from the L! convergence in (1.1). [J

We can now complete the proof of Theorem 1.3.

PROOF OF THEOREM 1.3. Observe that one can run the proof of the CLT by decompos-
ing the white noise W over any lattice mZ?, m € N, in place of Z¢, and the limiting variance
must be the same. Hence, by Lemma 3.15 it is enough to find a sufficiently large m € N and
a set I of positive measure such that, for all s € I,

nli)ngoIE[N*(An, f+s(qg*(2mBy)))] — E[Nu(Ay, f)] <O.

Since [pa g (x)dx > 0 by assumption, it is sufficient for us to verify the above condition with
q :=q/ Jga q(x)dx replacing q. Moreover, by stationarity we may replace 2m By with A,,.
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By the first two points of Lemma 3.16, there exists an open interval / and n > O such that
Us(l —5) — uy(£) < —Tn for all s € I. Henceforth, we fix such an s € I. By the third point
of Lemma 3.16, as k — oo,

E[No(Ak, f+9)]/k" > € —s) and  E[No(Ak, O]/K = ma(0).
Combining these observations, for k sufficiently large,
(3.38) E[Ni(Ak. f +9)] — E[Nu(Ar, £)] < —6nk?.

We now state three claims, which will be combined to prove the theorem. We let
W = Wy, 1= 5q x 15,,, and observe that [|w||c4(ray < |s|maxX|q|<4 [|09G|l 1 ra) is uniformly
bounded over m. Set k = m — [,/m] (although from the proof it will be apparent that we
could choose k =m —r for any 1 <« r <« m). We claim that for some m sufficiently large and
alln >m,

(3.39) E[|Nu(An, &) — Nu(Ak, ) — Nu(An \ Ap, 9)]] < 0k~ < ym?  for g = f, f +w,
(3.40) E[|N,(Ax, f +w) — Nu(Ax, f +5)|] < nm?,
(3.41)  E[[No(An\ A, f 4 w) — Nu(Ap \ Ag, £)]] < nm?.

To explain the intuition behind (3.39)—(3.41), recall that components inside A, are either
inside Ay, inside A, \ A, or hit the boundary of Ax. Roughly speaking, (3.39) means that the
expected number of components of the third type is negligible (compared to the volume of
Am), (3.40) means that w is almost a constant on A, so the expected number of components
of the first type is indifferent as to whether we perturb by w or by a constant, and (3.41)
means that perturbation by w has negligible effect on components of the second type.

Combining these equations with (3.38), the triangle inequality, and the fact that k/m — 1
immediately gives for m sufficiently large, and all n > m,

E[Nu(An, f +5(F %14,))] = E[Nu(An, £)] < —nm?,

completing the proof of the theorem.

It remains to verify claims (3.39)—(3.41). In the sequel, ¢’ > 0 will denote a constant that
depends only on f and s and may change from line to line. Observe that each component of
g = f, f +w inside A, must either be contained in Ag, be contained in A, \ A or intersect
dAk. The number of components intersecting d Ay is dominated by the number of critical
points of g restricted to the boundary, therefore,

|No(An, 8) — Nu(Ak, 8) — Nu(Ap \ A, 8)| < Ne(0Ag, 8).

By Jensen’s inequality applied to Theorem 1.6, the expectation of the right-hand side here is
at most ¢’k?~!, verifying (3.39).
As in the proof of Lemma 3.13, by Lemma 2.2, Holder’s inequality and Theorem 1.6,

E[|Nu(Ak. f +w) = Nu(Ag, f + )]

< Y E[(Ne(Buy f+5)+ Ne(Boy £ +w) TP e )3
(3.42) N

2 2
<cd Y Pwelh)i=<dm?! sup Pelh)s,
veZANAg veZANAg

where

Ur:={ve Z% : (f,w — s) is unstable on B, at level £ — s}.
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We claim that
/ qw)du=1 and / 0“gu)du =0 for |a|=1.
Rd R4

The first property just follows from g being defined as the normalisation of g whilst the
second follows from the decay of ¢g. For x € Ay and || < 1, we then have

|80¢(w(x) —s)| =|s| /;\ 0“g(x —u)du — /[:&d 0°g(x —u)du| < |S|A‘§d\1\ |3“q(u){du
m m

S C/m_(lg_d)/z.

Hence, ||w —s ||C1(U+A2) <c'm~B=D/2 for v € Ay, and so by Lemma 2.4, for every € > 0 we
have P(v € Uy) < cem™(1=9B=D/2 Since B > d, combining this with (3.42) proves (3.40).
Repeating the arguments to justify (3.42) shows that

2
(343)  E[[Nu(An\ Ak, f+w) — Nu(Ap \ A, NI} < Y Plely)s,
veZAN(A,\Ay)
where

Us:={ve Z% : (f, w) is unstable on B, at level ¢}.

For x € R¢ and a multi-index « such that |a| < 1,

|8°lw(x)|=/A 0°g(x —u)du

< / 109G ()| du < (1 +dist(x, Ayy)) ~PH.
|u|>dist(x,Am)

Therefore, by Lemma 2.4
P(v € Us) < ce(1 + dist(v, A,,)) "1 7OF~D
for any € > 0. Hence, by Lemma 3.8, (3.43) is bounded above by

_2(-¢) _
> Pwelp=cmTie Y el +distw, Ap) T 5 40
UGZd\Am—m UGZd\AmJﬁ/m

Sc/md—% +C(m—@(ﬂ—d)+d/2+md—1—“g5>(ﬂ—d)+1/2)

1
< c'mid2

for € > 0O sufficiently small, since 8 > 5d /2. Combined with (3.43), this verifies (3.41) and
thus completes the proof of the theorem. [

REMARK 3.17. Itis interesting to note that the proof of Theorem 1.3 only requires that
Assumption 1.1 holds for 8 > 5d/2 (taking (3.34) as the definition of o). Moreover, if one
knew that the conclusion of Theorem 1.6 (including the uniformity over || p|| < t) held for
all higher order moments then the above proof would require only 8 > d. This suggests that
a similar strategy could show that Var[ N, (R, £)] is of at least volume order for all 8 > d.

4. Analysis of critical points. In this section, we prove the third moment bound on
critical points in Theorem 1.6. The proof exploits the ‘divided difference’ method, which
originated in [13, 15] for studying zeros of one-dimensional Gaussian processes and was
used recently in [3] to prove quite comprehensive results in this setting. We introduce this
technique in Section 4.2. In principle, our analysis could be extended to moments of higher
order, although this would require more technical arguments (and stronger assumptions on
the field).
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4.1. Reduction to a bound on the three-point intensity of critical points. We first reduce
the proof of Theorem 1.6 to a pointwise bound on critical point intensities.

Henceforth, we assume that f satisfies Assumption 1.5 and p € C*(R?). We abbreviate
F = f + p, and recall that N.(R) = N.([—R, R1%) denotes the number of critical points of
Fin Ag =[—R, R}%. By the Kac—Rice theorem (see [1], Chapter 11, or [5], Chapter 6, for
background), for every R > 0,

4.1) ]E[NC(R)(NC(R)—1)(NC(R)—2)]=/ N J(x,y,z)dxdydz,
X,Y,Z€ENAR

where J (x, y, 7) is the three-point intensity function

J(x,y,2) =@(x,,2) x E[|[det(VZF (x)VZF (y)V2F (2))|]
and E denotes the expectation under the conditioning
4.2) (VF(x),VF(y),VF(2)) =(0,0,0),

with ¢(x, y, z) the corresponding Gaussian density. This formula is valid since f is C2-
smooth and (V f(x), V f(¥), V f(z)) is nondegenerate for distinct x, y, z (see Lemma A.2).

A priori J(x, y, z) may diverge on the diagonal (i.e., as x,y — z or x — y — 0, etc.), but
the following bound provides sufficient integrability. We define

D={(x,y) eR¥|0 < x| <lyl <|x -yl <1}.
PROPOSITION 4.1. There exists ¢ > 0, depending only on f, such that, for all (x,y) €
D’
3d, - - . \—d+1 .
J(x,3.0) <c(L+pllcagay)™ 1xI™ iy = Iyl + sin0) ™ (/Iy[ + sin®),

where 0 € /3, ] denotes the angle between x and y.

REMARK 4.2. Throughout this section, in the case that d = 1 we take 6§ = 7 identi-
cally. All of our later calculations will be valid with this convention (although many formulae
simplify considerably in this case).

PROOF OF THEOREM 1.6 GIVEN PROPOSITION 4.1. By Hoélder’s inequality, for every
R >1and ¢ € (0, 1] we have

EN.RY<E[( Y Nt Ag>)3]

xe2eZ4NAyg

(4.3) = > E[Ne(x 4+ Ae)Ne(y + Ae)Ne(z + Ag)]
x,y,2€2eZ4NAyg

< (3R8_1)3d sup E[N¢(a + Ag)3].

acRd

We henceforth fix e =1/ Jd.
Next, we observe that, since f is stationary,

Jx,y,2)=J(x —z,y —z2,0),

where J is defined analogously to J when p(-) is replaced by p(z + -). Using the fact that
I p(z+ )l caray = Il Pllc4(ray» We deduce from Proposition 4.1 that for all (x —z, y —z) € D,

J(x,y,2) <etlx — 27y — 27 1y — 2] +5in0) " (V]y = 2] + sin6),
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where 6 € [r/3, ] denotes the angle between x — z and y — z, and ¢; > 0 depends only on

f and p.
Then by the Kac—Rice formula (4.1),

E[Nc(g)(Nc(s)—1)(NC(8)—2)]:/ Iy drdyds
X,y,2€A¢

562/ J(x,y,2)dxdydz
4.4) lx—zl<|y—zl<|x—y|<1

_ _ . —d+1
563/ lu| =4 v d+1(|v|+sm0) +
lul<|v|=<1

x (V|v] +sinf) dudv,

where 0 € [0, ] is the angle between u and v. In the second line, we integrated over configu-
rations where (x, y) is the longest side of the triangle with vertices x, y and z. Other integrals
of this type are obtained by relabeling variables and are of the same order. When d = 1, we
observe that the integrand here is bounded, completing the proof in this case.

Assuming now that d > 2, we switch to spherical coordinates for u; for each fixed value
of v, we choose a basis for # in which the final coordinate is in the direction v and we then
definer > 0,60, € [0,27) and 6>, ...,64_1 € [0, ] by

d—1
uy=r Hsin@k,
k=1
d—1
Uy =FCOSOp_1 1_[ sinf, form=2,...,d—1,
k=m
Ug=rcosby_i.

Our choice of basis implies that 6;_; is equal to 6, the angle between u and v. The Jacobian
for spherical coordinates is given by

d—1
(—r)d1 1_[ sinc~1 g,
k=2
and so the integral in (4.4) is bounded by
| pm in@ d-2 in@
C4f |v|*d+‘/ / ( o ) VIvl +sin dedrdvgcsf v| =432 g,
lv|<1 0o Jo

|[v]| 4+ sinf |v| + sin6 lv]<1

where we have used the bound %ﬂ:gf:’f < 4/|v|/]v]. Since the above expression is finite, we

see that E[N.(e)(N.(g) — 1)(N.(¢) — 2)] is bounded by a constant depending only on the
distribution of f and the norm of p. Moreover, the same is true if we replace A, by a + A,
since the distribution of f and the norm of p are translation invariant. Since, for any positive
random variable X,

E[X] = E[X’Lx<6] + E[X’1x26] <6 +2E[X (X — D(X —2)],

combining with (4.3) we have the desired result. [J

REMARK 4.3. This proof shows that the constant ¢ in Theorem 1.6 is at most
c(1+ ||p||c4(Rd))3d, for ¢/ > 0 depending only on f.
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4.2. Overview of the divided difference method; a second moment bound for zeros. We
prove Proposition 4.1 using the divided difference method, which we present here in a simpler
setting. Suppose we want to bound the second moment of the number of zeros of a Gaussian
process F = f + p, where f is a C2-smooth stationary Gaussian process and p € C*(R). We
will show that, as long as the spectral measure of f has more than two points in its support
(to ensure sufficient nondegeneracy),

4.5) E[N(R)?] < c(1 + I pllc2) R,

where N(R) = |{x € [0, R] : F(x) = 0}] is the number of zeros of F in [0, R], and ¢ > 0
depends only on the law of f. Although the bound E[N (R)?] < ¢R? is classical (see [31]),
we are not aware of any existing results on the dependence of the constant on p.

Using the Kac—Rice formula as above (valid since (f(x), f(y)) is nondegenerate for
X # ), it is sufficient to prove that, for x, y € [0, 1],

4.6) Ty < c(1+1plerm)’

where

J(x,y) = @(x,y) x E[|[F'()F'(0)|I(F (x), F() = (0,0)]

and ¢(x, y) is the Gaussian density of (F(x), F(y)) at (0, 0). Note that the intensity J(x, y)
factorises into a Gaussian density ¢, which diverges as x — y — 0, and a contribution from
the gradients which one expects to be small as x — y — 0. To ensure integrability, one needs
to carefully control these terms on the diagonal.

The essence of the divided difference method is the observation that, to make the behaviour
on the diagonal more amenable, it is helpful to replace the vector (F (x), F (y)) with the vector
(F(x), Dy y(F)), where

F(y)— F(x)
————— X#Y,
Dx, y(F ) = y—x
F'(x) xX=y.
We first show that

(4.7) o, y) <cly—x|™!

for all x, y € [0, 1] and a constant ¢ > 0 depending only on f.
For a square-integrable random vector X, let DC(X) denote the determinant of its covari-
ance matrix. Clearly,

¢(x,y) = @0~ 'DC(f (), F) T2
Moreover, by standard properties of the DC operator (see Lemma 4.6)
DC(f (x), f()) = |x = y’DC(f (x), Dy ().
Since f is C'-smooth, as y — x,

f) — fx)
— -

y—Xx

Dx,y(f): f/(x)

almost surely (and so in L?), and hence we infer that (again see Lemma 4.6), as y — x,

DC(f (x), Dx.y(f)) = DC(f(x), f'(x)).

Since (f(x), f’'(x)) is nondegenerate (in fact they are independent by stationarity), by conti-
nuity and compactness we have (4.7).
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We next show that

(4.8) E[|F ) F')[I(F@), F() = ©0,0)] < c(1+ Ipllcagr) 1y — x|

for all x, y € [0, 1]. Combined with (4.7), this completes the proof of (4.6), and hence (4.5).
By a Taylor expansion, for z = x, y,

|F'(2) = Day(F)| < |y = xI"2II Fll e320.17)-
Hence, using standard properties of Gaussian conditioning (see Lemma 4.7),
E[|F'@)*|(F(x), F() = 0,0)] = E[|F'@)*I(F (x), Dy.y(F)) = (0,0)]
=E[|F'(2) = Dxy(F)I(F(x), Dy y(F)) = (0,0)]

< Iy = x| E[IF Iz 17| (F (), Diy (F)) = (0,0)].
Applying the Cauchy—Schwarz inequality to (4.8), it remains to prove that

E[IF 112320, 17| (F (). Dy (F) = 0, 0)] < (1 + I pll )
For this, it is sufficient that (see the proof of Lemma 4.10 below for details)

4.9) sup  sup Var[d% F(2)|(F(x), Dy y(F)) = (0,0)] <ci
z,x,y€[0,1] |a|<2

and

(4.10) sup  sup |E[8O‘F(Z)|(F(x), Dx,y(F)) = (0, O)]| < 02||P||c2(]R)-
z,x,y€[0,1] |a|<2

Since conditioning can only reduce the variance of a Gaussian variable, and by stationarity,
Var[0% F (2)|(F (x), Dyx,y(F)) = (0,0)] < Var[0® F (z)] = Var[3“ f(0)],

which proves (4.9). Moreover, using Gaussian regression and the fact that various covariances
involving F are the same as the corresponding covariances for f,

E[aaF(Z)l(F(x)7 Dx,y(F)) = (0» O)]

t
= p(a) = Cov |07 1@ (! 1, )| Corlr . Dy (D] (00 1),

By an argument similar to that following (4.7), since (f(0), f(0)) is nondegenerate the spec-
tral norm of Cov[ f(x), D,C,y(f)]_1 is uniformly bounded. Since also D, (g) < lgllc2go.17)
for g = f, p, we deduce (4.10).

4.3. Bound on the three-point intensity. We now complete the proof of Proposition 4.1,
for which we use a natural extension of the above approach to higher order derivatives. We
shall prove the following two bounds.

LEMMA 4.4. There exists a ¢ > 0 such that, for all (x,y) € D,
DC(V £(0), V£ (x). V£ () = elx[2|y 24D (|y] +sing)* @,
where 0 € [t /3, ] denotes the angle between x and y.

LEMMA 4.5. There exists a ¢ > 0 such that, for all (x,y) € D,
E[|det(VZF(0)V2F (x)V2F(y)|[[(VF(0), VF(x), VF(y)) = (0,0,0)]

< (14 Ipllceay)  Ixl1y P (V1] + sin),

where 0 € [t /3, ] denotes the angle between x and y.
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PROOF OF PROPOSITION 4.1.  Since
¢(x,y.0) = @m)MPDC(Vf(0), V(). Vf ()2,
combining Lemmas 4.4 and 4.5 gives the result. [J

We now turn to proving Lemmas 4.4 and 4.5. To begin, we collect some properties of the
DC operator.

LEMMA 4.6. Let X and Y be square-integrable random vectors of dimensions m| and
my, respectively. Then:

1. For A € Rmi>mi

DC(AX) = det(A)’DC(X).
In particular, for a € R and B € R™1>*"2
DC(aX,Y)=a*™DC(X,Y) and DC(X + BY,Y)=DC(X,Y).

2. If DC(X,Y) > 0, then DC(X) > 0.

3. If X, is a sequence converging to X in L2, then DC(X,) — DC(X).

PROOF. The first item is immediate from the definition

Cov[X]=E[(X —EX)(X —EX)"],

the second item is elementary, and the third item follows from the continuity of the determi-
nant operator. [

We also collect some standard properties of (Gaussian) conditioning:

LEMMA 4.7. Let (X,Y) be an (n + 1)-dimensional nondegenerate Gaussian random
vector. Then:

1. Let H : R — R be continuous and satisfy |H (t)| < C(1 + [t])" for some C,m > 0 and
allt eR. Fora e R",

E[H(Y)|X=0]=E[HY —a-X)|X =0].
2. If A e R"™*" is invertible, then for every x € R",
E[Y|X =x]=E[Y|AX = Ax].

These properties do not really rely on X and Y being Gaussian; the proof below shows
that it is enough for these variables to have a sufficiently nice joint density.

PROOF. Let p(u, v) denote the joint density of (X, Y) and B, (x) denote the ball of radius
€ centred at x, then

fBg(x) JrHW—a-u)p(u,v)dvdu

E[H(Y —a - X)|X =x] = lim

€—0 fBe(x) Jr pu,v)dvdu
_JrHW—a-x)p(x,v)dv
Jrp(x,v)dv ’

where the final equality follows from applying the dominated convergence theorem to the
numerator and denominator. When x = 0, the above limit is the same for all ¢ € R” (including
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a = 0), proving the first item. By the same dominated convergence argument, the above limit
is unchanged if we replace B.(x) by {# € R"||Au — Ax| < €}. This proves the second item
onsettinga=0and H(Y)=Y. O

The next lemma contains the essence of the divided difference method. It shows
that, after appropriate linear transformation (analogous to the mapping (f(x), f(y)) —
(f(x), Dx,y(f)) described in Section 4.2), the vector (V f(0),V f(x), V f(y)) converges
to a nondegenerate Gaussian vector as x, y — 0.

Recall that

D={(x,y) eR¥|0< x| < |yl <|x —y| <1},

and for any g € C*(Ay) let vax(g) denote the vector (0%g(2)||a| <3,z € {0, x}).

LEMMA 4.8. Let (x,, yn) be any sequence in D converging to (0, y) for some y (possibly
equal to zero). There exists a subsequence ny, a sequence of matrices My € R334 and a
matrix M, such that:

1. det Mg = |0, |~y |74 (v | + sin6,, ) "9, where 6, € [r/3, ] denotes the an-
gle between x,, and yy, .
2. Forany g € C4(A1), as k — oo,

M (Vg(0), Vg(xn). Vg (yn)) — MG] (2) =o(lgllcs(ay)-

3. M G(3) y( f) is a nondegenerate Gaussian vector.

REMARK 4.9. The intuition behind this lemma is that M Gg’y( f) will be related to one
of the four Gaussian vectors in Remark 1.8 (which are known to be nondegenerate) and the
matrices M will be chosen so that M (Vg(0), Vg(x,,), Vg(yn,))" is a Taylor expansion for
M G(S), y(g). The choice of vector (and matrices) will depend on the sequence (x;, y,) and so
rather than give several different cases above, we prefer to state the lemma in an abstract way.

PROOF. By compactness of [7/3, 7], we may pass to a subsequence 6,, for which
Op, — 0 € [1/3, m]. For notational clarity, we will denote the subsequence by 6, (and the
matrices in the statement of the lemma will be denoted by M,,). Similarly, we may assume
the following convergence:

— pesi! M—>oze[0, 1,

B [Vnl [Vnl

~ X _ ~
[ —. —>vleSd 1, Vn In
Xn|

4.11) R R
In—C08(6n)Xn if0, £m

li)n = { sin(6y)
0 if6,=m

sin 6,
}—>v3eSd_1U{O}, and 227 g0, 00l.
|Yn|
There are now two different cases to consider: (i) y =0, and (ii) y # 0.
Case (i). y = 0. We take g € C*(A1), and define M,, as the matrix, which results in the
following row operations:

Vg(0)
Vg (0) Vg(xn) —Vg(0)
Vgxy) | — |Xn |
Vg(n) Vg(yn) —Vg(0)

|yl



A CLT FOR THE NUMBER OF EXCURSION SET COMPONENTS OF GAUSSIAN FIELDS 913

Vg (0)
Vg(xn) —Vg(0)
— x|
1 1 Ve(y,) — Vg
|yl + sin6, [Vnl |Vnl
\Y% — Vg0 t
H(ng), 8tn) — Ve ),Sn),
| X5 |
where
i A ot 1 Vg(ym) —Vg(0) Vg(xy) —Vg(0)
Sp = (I — XnX},) . — N
(4.12) |yn| 4+ sin6, |Vnl x|
' 1 ( Ve(yn) —Vg(0) . Vg(x,) —Vg<0))A
n" —Yn- Xn
|vn| | Vnl | % |

The first statement of the lemma follows from these row operations and noting that

A

(I — ),(\fnx}l;) +

1 —d+1
det(i, )2 )22‘) = -1 +sin9 + .
|yl + sin 6, g ) = Dl (bl )

By a Taylor expansion, for |x;,| < 1 we have

'Vg(xn) —Vg(0)
|7 |

- a);an(O)’ < xanlligllcscays

where ¢’ is an absolute constant. Using the fact that X, — vy,
‘ Vg(xn) —Vg(0)
|5 |
Similarly, by a Taylor expansion we have
Vg(yn) —Vg(0) Vg(xn) — Vg(0)
— cos(6,) -
|Vl B

- Bleg(O)‘ = c/(lxnl + X — v |)”g”C4(Al) = 0(||8||c4(A1))-

(4.13) ‘ Ty| < c’lynlzllg||c4(A,),

where

| x|

|yn|
- 5 c0s(6,)93 Vg(0)

2

(note that if @, = 0 then we take 9 to be the identically zero operator). Using the conver-
gence in (4.11), we see that

T, B l+a ,
= 0y, Vg(0) + ——9; Vg(0
ST = e VO F 5 8 VRO +ollglera)

as n — o0o. By Taylor expanding the second part of (4.12) analogously, we see that

Sp=S+o0(lgllcs(ay)):

T, = sin(0,)3, Vg (0) + =03 Vg(0) —

where S is defined as

B 1+a 1
(1 - vlvi)<ﬁ8U3Vg(0) + mai Vg(O)) + 5(aﬁzavlg(O) — ady, 0y, 8(0))v1.

Hence, choosing M such that

(4.14) MG{,(g) = (Vg(0), 3y, Vg(0), S)

proves the second point of the lemma (for the case y = 0).
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We now let g = f and choose an orthonormal basis u, ..., ug of RY such that u; = v;
and if vz # 0 then uy = v3. By the first point of Lemma 4.6, the degeneracy of the Gaussian
vector on the right-hand side of (4.14) is unchanged if we multiply each of the terms Vg(0),
0y, Vg(0) and S by the orthogonal matrix A with ith row equal to u;. Note that the effect of
this multiplication on the first two terms is equivalent to changing the basis for the gradient
operator (i.e., AV = (9, ..., du,)). Since Av; = (1,0,...,0)", we see that when B = oo,
the right-hand side of (4.14) is nondegenerate if and only if

1
DC(AVf(m, 0y AV £(0), 5 (30,0, (0) = &0, 00, £ (0)). iy (O, .. auzaudf«)))

is nonzero, which holds by the fourth point of Remark 1.8 about the nondegeneracy of various
partial derivatives of f (and the first two points of Lemma 4.6).

If B < oo, then 6,, — 7 and so v, = —vj. In this case, by the first two points of Lemma 4.6,
we see that the right-hand side of (4.14) is nondegenerate provided that

DC(AV £(0), 3, AV £(0), 33, £(0), 85 3u, £(0), ..., 3y, 8, £ (0))

is positive. This holds by the third point of Remark 1.8 and the second point of Lemma 4.6,
which completes the proof for y = 0.
Case (ii). y # 0. Now we let M,, be defined by the following sequence of row operations:

Vg (0) Ve
va((())) Vg (x,) — Vg(0) Vg(x,) —Vg(0)
Vg(;c’n) - 1n ” d+1 b d—1
" Ve (yn) Yl ™ @ (Iyn] +sin6,) ™ 7 Vg (yn)

and we again see that M, has the correct determinant, proving the first statement of the
lemma. By a Taylor expansion, the above expression differs from

(V£(0). 3y, Vg (0). |y| =0 (Iy] +sin6) ™7 Vg(y))'

by a term which is o(l|gll¢4(,)) proving the second statement of the lemma. When g = f,
the second point of Remark 1.8 implies that the above Gaussian vector is nondegenerate,
proving the final statement of the lemma. [J

PROOF OF LEMMA 4.4. Define
Ax, y) = 1x[72 1y 72472 (|y] +5in0) 2 TPDC(V £ (0), V£ (), V£ (7).

Since A(x, y) is continuous and strictly positive on D (by the first point of Remark 1.8), and
Dis compact, it suffices to show that liminf, A(x,, y,) > 0 for any sequence (x,, y,) € D
converging to (x, y) € aD.

For the sake of contradiction, suppose (x;, y,) — (x, ¥) € 0D is such that A(x,, y,) — 0.
By Leflma 4.8, we may pass to a subsequence ny and find matrices M, M}, such that for any
g€ C*(A1),

Mi(Vg(0), Vg (xn), V& () = MG, (g).

In particular, this holds almost surely for g = f. Since f is Gaussian, the convergence oc-
curs also in L2. Then by the third point of Lemma 4.6 (and the expression for det M; in
Lemma 4.8),

AQny» Yn) = (det M)*DC(V £(0), V f (xn,). V f (3n,) = DC(M G ().
By the third point of Lemma 4.8, the latter expression is strictly positive, yielding a contra-
diction. [J

A final ingredient in the proof of Lemma 4.5 is a uniform bound on the conditional mo-
ments of F.
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LEMMA 4.10. For each k € N and € € (0, 1), there exists ¢ > 0 depending only on the
distribution of f such that, for any (x,y) € D,

(4.15) E[IF e n,)|VF(0) = VF(x) = VF(y)=0] <c(l + 1Pl csan)

PROOF. Kolmogorov’s theorem [38], Sections A.9, A.11.1, states that for any centred
C*-smooth Gaussian field 4 there exists a ¢ > 0, depending on k and ¢, such that

k/2
[0y ) <¢( sup  sup [9498Cov[hiz), h(za]]) .

21722
lee],|B]<4z1,220€ A2

By the Cauchy—Schwarz inequality, the latter expression is bounded above by

c( sup sup Var[ao‘h(z)])k/z.

le|<4zehs

If we now allow A to be a noncentred C* Gaussian field, then by the triangle inequality, for
each k € N and € > 0 there exists a ¢ > 0 such that

E[IlEscn )] < c(sup sup [E[3°h()]|" + sup sup Var[3*h(2)]"/?).

loe|<4zeA la|<4zeA,

Denote the conditioning event Ay, = {VF(w) =0 for all w = 0, x, y}. By the above in-
equality, the lemma is proved if we verify the following: there exists a ¢ > 0, depending only
on the distribution of f, such that

sup sup sup Var[d“F(z)|Ayy] <c and

e (x,y)ED |a|<4
(4.16) e

sup sup sup |E[3*F(2)|Axy]| <cllplcsa,)-
zeA1 (x,y)€D |a|<4

Since conditioning can only reduce the variance of a Gaussian variable,
Var[0% F (2)|Ay,y] < Var[d* F (z)] = Var[9* £ (2)],

and the latter is bounded uniformly over z and «. This verifies the first part of (4.16).
Turning to the second part of (4.16), for g € C%(A), we define

Gx.y(8) = (V8(0), Vg(x), Vg(»))".
By Gaussian regression,
E[0%F (2)|Ax,y]

4.17) =E[0%F(2)] — Cov[d“ F(2), Gx,y(F)]Cov[Gx,y(F)]_lE[Gx,y(F)]

= 3Yp(2) — Cov[d% £(2), Gy ()]COV[Gry ()] Gy ().

Note that this verifies the second part of (4.16) when p =0.
Suppose that the second part of (4.16) fails, so there exists a sequence p, € C*(A) and
(Xn, Y, 2n) € D x Aq such that

B[ F )l v,y ) 1Pl ) = 00

By compactness, we may pass to a subsequence for which z,, — z € Ay and (x,, yn,) —
(x,y) € D. Note that if (x, y) € D then the second line of (4.17) is finite by the first point
of Remark 1.8, so evidently (x, y) € 9D. Hence, we may find matrices M, My satisfying the
conclusions of Lemma 4.8. Then by Lemma 4.7 and Gaussian regression

E[0% F (2n) | Ay, .y, ] = 0% Py (2n) — CoV[3® f (2. Mk Gy, ()]

X COV[Mka,,k,ynk (f)]_leGxnk,ynk (pnk)-
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By the second and third parts of Lemma 4.8, we have
Cov[d® f (zn,), MG, v, (f)] = Cov[a® f(2), MGgyy(f)]
Cov[My Gy, .y, ()] = Cov[MG ()]
|Mka,,k,y,,k (Pny) — MGx,y(pnk)| = 0(”pnk ||C4(A1))-
Since the first two matrices on the right-hand side have bounded elements and

Gx,y(pnk)“OO} = ”p”C“(A])’

max{

we see that |E[0%F (an)|Ax,1k, ynk“” Dy ||Ei (AD) is uniformly bounded, yielding the desired
contradiction. This completes the proof of (4.16), and hence of the lemma. [J

PROOF OF LEMMA 4.5. In the proof, ¢/ > 0 are constants that depend only on the field
and may change from line to line. Recall the event A, y, = {VF(w) =0 forall w =0, x, y}.
By Holder’s inequality, we have

E[|det(V2ZF(O)V2F@)VEFO))|IAxy] < [T E[ldet(V2F ()’ 1Axy]"°.

z€{0,x,y}
Consider z € {0, x, y}. For any orthonormal basis u1, ..., ug, expanding the determinant, we
have
1/3
E[|det(V2F ()’ Ax,y] " = [ > H B 8ug<,>F<z> }
oeSgi=1
(4.18) p
1
<" 3 TTE0u; 84, F @] 1Ax 5],
geSyi=1
where Sy is the group of permutations of {1,...,d} and for the second line we have used

Holder’s inequality.

Our aim is to bound the right-hand side of (4.18). Let us consider the case z = 0, in which
we claim it is bounded by ¢’(1 4 [|pllca(a,))|¥I(+/[y] + sin(6)). We consider an orthonor-
mal basis of R?, $,us,...,uq, where $ = y/|y|. Each product on the right-hand side of
(4.18) contains either the term corresponding to ay%F (0) or two terms of the form 9, d; F'(0),
du; 05 F (0). We will prove the following bounds for these terms:

3d

E[ and

50 FO P Ary ] < (L4 pllcacan) ™1yl
E[|02F O |Axy] </ (1+ 1Pl csan) ™ Iy (VIV] + sing)>

This will be sufficient for the desired bound on (4.18) since for any i and o, the remaining
terms satisfy

(4.19)

Ef[0u, duy ) F O 14251 E[NFI 4 1Ary] < ¢ (1 Ipllcian)™

by (4.15).
For z € {x, y}, let D(z) =
for any unit vector v,

VF(z)—VF(0)

H . Turning to (4.19), by a Taylor expansion we have

v D(2) — 3:8,F(0)| < ¢1zlII Fllc3a,)-
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Then by Lemmas 4.7 and 4.10, we have
3d
E[|a53,F O] Ay.,] <[

3d
<IYPE[IFIE 5,1 Axy] <€ (L4 Ipllesa,)) ™ Iy 1P

930, F(0) —v- D[ Ax,]

(4.20)

Taking v = u; establishes the first bound in (4.19) while taking v = y establishes the second
bound in (4.19) for 6 € [ /3, 27 /3].

To prove the second bound for 6 € [27r/3, ], we require a higher order Taylor expansion.
Specifically, by combining the elementary estimates

. Iy
‘y - D(y) — 0;F(0) — 78§F(O>‘ < IyPPIFllcra,
and

cosf

X-D(y)—y-D(x)— 5

(Il - |x|cos9)a§F<0>| < Iy +sin6) I Fllcrga,

with Lemma 4.7 we have

E[|02F(0)]|Ay.,]

:E[

< IyPU (VT +sin0) EBlIF 120 1 Ax.y]

= C/(l + ||P||c4(A1))3d|y|3d(\/ ly| + sin0)3d

completing the proof of (4.19).
To complete the proof of the lemma, we require the bounds

|yl 3d

RZFO)—3-D
GEO) =y DO+ T = xlcos )

(*-D() -3 D))

4]

E[|det(V2F(0))[*|Ax, ] </ (1+ Iplicaca,) Ixl,  and

3d 1/3d 3d
E[|det(V2F (1)) [*|Ax, ] </ (1+ 1pllcaca,) Iyl
These both follow from the arguments given above on swapping the roles of 0, x and y.
Specifically, the analogue of (4.18) also holds for both x and y and the analogue of the first
part of (4.19) is enough to conclude. [
APPENDIX A: BASIC PROPERTIES OF SMOOTH GAUSSIAN FIELDS

We collect some basic properties of smooth Gaussian fields. First, we consider Gaussian
fields defined by a stationary moving average representation f =q x W.

LEMMA A.1. Let g € CK(R?), and suppose there exist ¢ > 0 and B > d such that, for
x| =1,

sup [8%g (x)| < c|x| 7P,

lor| <k
Define f =q  W. Then f is a.s. C¥~'-smooth, and for every |a| <k — 1,
3%f =(3%) xW.

Moreover, the spectral measure of f has a continuous density, and in particular its support
contains an open set.
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PROOF. See [35], Proposition 3.3, for a proof of the first statement in the case d = 2,
with the general case identical. The second statement follows from dominated convergence,
whilst the last is a consequence of the Riemann—Lebesgue lemma. [J

We next state a standard nondegeneracy property of stationary Gaussian fields.

LEMMA A.2. Let f be a C*-smooth stationary Gaussian field on R?, and suppose
that the support of it spectral measure | contains an open set. Consider a finite collec-
tion (x;, otj)1<i<n, where x; € RY, «; is a multi-index such that loej| < k, and each (x;, a;) is
distinct. Then the Gaussian vector

(0% f (i) 1 <i <

is nondegenerate.

PROOF. See [47], Theorem 6.8, for the case k = 0, and [8], Lemma A.2, for the case
k < 2; the general case can be proven identically. [l

APPENDIX B: A TOPOLOGICAL LEMMA

In this section, we deduce Lemma 2.1 from a fundamental lemma of stratified Morse
theory, which states roughly that the topology of the level set {g 4 tp = 0} does not change
as t varies over [f1, t2] unless, for some ¢ € [#1, £2], g + tp has a (stratified) critical point at
level 0.

Although this lemma is classical, there are complicating factors in our setting: most of
the literature treats either constant perturbations or compact manifolds without boundary,
whereas we consider general perturbations on domains with corners. However, our setting is
simpler in one respect: the functions g and p are defined in a neighbourhood of the domains.

Let D be a stratified domain as defined in Section 2 and let U be a compact domain that
contains a neighbourhood of D. For two subsets A, B C Int D, an isotopy between A and
B is a continuous map H : A X [t1, 2] — Int D such that, for each ¢ € [#1, 1], H(-,t) is a
homeomorphism, H (-, t;) = id, and H(A, ;) = B.

Fix a pair of functions (g, p) € C>(U) x C*>(U), and for t € [t1, 1] define g, = g +tp. A
quasi-critical point is a pair (x,t) € D x [t1, 1] such that g; has a (stratified) critical point at
x at level 0. The number of such quasi-critical points is denoted by Nq.¢.(D, g, p).

Lemma 2.1 is an immediate corollary of the following rather standard lemma.

LEMMA B.1 (Fundamental lemma of stratified Morse theory). If Ng..(D, g, p) =0,
then there is an isotopy between the union of all interior components (i.e., components that
do not intersect d D) of the level sets {g;, =0} N D and {g;, = 0} N D. In particular, the num-
ber of interior components of the sets {g;, = 0} and {g;, = 0} are the same. The conclusion is
also true for the interior components of the excursion sets {g, >0} N D,i=1,2.

Before proving Lemma B.1, let us deduce Lemma 2.1.

PROOF OF LEMMA 2.1. Consider the interpolation g; = g — £ + tp for t € [0, 1]. Since
(g, p) is stable (on D at level £), for any (x, t) € D x [0, 1] we have

Vpg,(x)|} > 0.

Hence, Ngc.(D, g — ¢, p) =0, and the result follows by an application of Lemma B.1. [

max{|g; (x)

9’
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PROOF OF LEMMA B.1. First, we prove a local version of the result: we fix ¢’ € [t;, 2]
and prove that the conclusion holds for ¢ € [¢/, ' 4+ §] and some § > 0. Without loss of gener-
ality, we may assume that ¢’ = 0.

Let L; be the union of all interior connected components of {g; =0} N D, and let L; ¢ be
the e-neighbourhood of L;. If we consider g; as a function D x [t1, 2] — R, then its zero
locus Z is a manifold. This follows from the implicit function theorem since the derivative
is nonvanishing on the locus. Indeed, let us assume that it contains a critical point, then at
this point (x,#) we have d,;g;(x) = 0 and V, g;(x) = 0, hence there is a quasi-critical point.
This proves that Z is a differentiable manifold of co-dimension 1 and its boundary lies on
the boundary of D X [t1, t2]. Let us consider an interior component of Lq. This component
is on the boundary of a certain component of Z. We claim that this component does not
intersect (0 D) X [t1, f2]. If it does, then we can consider the first time T when it happens,
and then the intersection of the component by D x {t} contains a level surface of g, tangent
to the boundary. This means that g, has a stratified critical point, which is impossible by
our assumptions. So, each component of Z either lies in Int D x [t, #2] or its every section
intersects d.D.

Since this compact surface does not intersect (dD) x [f1, 2], the distance between
them is strictly positive. In other words, there is € > 0 such that L; C IntD for all
t € [t1, t2]. Similarly, by reducing € if necessary, there is ¢ > 0 such that |Vg;(x)| > ¢ for
all x € Lo and all ¢ € [t1, 12]. Hence, by choosing § > O sufficiently small, we can ensure
that [Vg;(x)| > (48/€) - supp|p| forall t € [0,8] and all x € Lo .

For x¢ € D, define the flow

dxy 2 (x1) Ve (xr)

—,, — T Utst — /. N0

di VIV () 2
which is well-defined outside critical points of g;. The key property of this flow is that, by
the chain rule, g;(x;) is constant in 7. Note also that

d _
2 pen)| [V ()|

dt

Let us consider xg € Lo. By the assumption that |Vg;(x)| > (48/€) - supp|p| for all
x € Lo, we deduce that |x; — xo| < €/4. Hence, H(x,t) = x; is an isotopy such that
H(Lg,t) C L; N Lp,e. Note that in terms of the set Z described above, for each component of
Ly its images under the flow are the sections of the corresponding component of Z. Our flow
argument defines an isotopy between sections of all ‘interior’ components of Z. In particu-
lar, this means that the union of all ‘interior’ components of Z is topologically Lo x [t1, #].
Hence, H(Lo,t) =L, for all ¢ € [0, §].

This argument shows that local isotopies exist: for each ¢ there is § = §(¢) such that L; is
isotopic to L;4s(;). By compactness, we can choose a finite number of times s such that

t €10, 4],

S1=1 <85 <8+68(1)<s3<5+8(0)<--<tr<s,+56(sy).

By concatenating isotopies on overlapping time intervals, we obtain a global isotopy, that is,
an isotopy between L, and L,,. This completes the proof of the lemma for level sets.

Since the interior level sets form the boundary of all interior excursion sets, by the isotopy
extension lemma [25], Theorem 8.1.3, we can extend the isotopy of L; to an isotopy of
Int D, which agrees with the isotopy of L; and is the identity in a neighbourhood of d D. In
particular, this gives an isotopy of the union of all interior components of the corresponding
excursion sets. [

REMARK B.2. With more work a similar flow could also be defined for components that
intersect the boundary, which would define a stratified isotopy of {g; = 0} N D for all ¢. Since
we only apply Lemma B.1 to deduce the equality of the number of interior components, we
do not need this.
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