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THREE CENTRAL LIMIT THEOREMS FOR THE UNBOUNDED
EXCURSION COMPONENT OF A GAUSSIAN FIELD

BY MICHAEL MCAULEYa

School of Mathematics and Statistics, Technological University Dublin, am.mcauley@cantab.net

For a smooth, stationary Gaussian field f on Euclidean space with fast
correlation decay, there is a critical level ℓc such that the excursion set {f ≥ ℓ}
contains a (unique) unbounded component if and only if ℓ < ℓc. We prove
central limit theorems for the volume, surface area and Euler characteristic of
this unbounded component restricted to a growing box. For planar fields, the
results hold at all supercritical levels (i.e., all ℓ < ℓc). In higher dimensions
the results hold at all sufficiently low levels (all ℓ < −ℓc < ℓc) but could be
extended to all supercritical levels by proving the decay of truncated connec-
tion probabilities. Our proof is based on the martingale central limit theorem.
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1. Introduction and main results.

1.1. Background and motivation. Percolation theory studies the long-range connectivity
properties of random processes. Aside from being an elegant mathematical theory, this topic
is motivated by a desire to understand phase transitions in different areas of science [59],
particularly statistical physics [25]. Classical percolation models typically consist of random
subsets of a lattice or a large graph. (See [26] for a thorough background on classical perco-
lation or [20] for a shorter overview.)

More recently, progress has been made in understanding the percolative properties of con-
tinuous models, in particular the excursion sets of Gaussian fields (see [6] for a recent survey).
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Let f : ℝd → ℝ be a C2-smooth stationary Gaussian field. The excursion sets and level sets
of f are defined respectively as

{f ≥ ℓ} := {︁x ∈ ℝ
d
⃓⃓
f (x) ≥ ℓ

}︁
and {f = ℓ} := {︁x ∈ ℝ

d
⃓⃓
f (x) = ℓ

}︁
for ℓ ∈ ℝ.

From the perspective of percolation, one may then ask about the topological behaviour of
these sets on large scales and how this depends on ℓ or the distribution of f .

Let us mention a few sources of motivation for studying percolation of Gaussian fields:

1. Applications
Smooth Gaussian fields are used for modelling phenomena across science (e.g., in medi-

cal imaging [62] and quantum chaos [30]) and so understanding their topological/geometric
properties frequently has applications in such areas. For example, the “component count” of
a field (defined as the number of connected components of {f ≥ ℓ} in some large domain)
is a natural object of study in percolation theory and has been used in statistical testing of
cosmological data [55].

2. Stimulating mathematical theory
Gaussian fields offer new and interesting challenges in percolation theory because they

often lack some of the important properties of classical discrete models (such as indepen-
dence on disjoint domains, positive association, finite energy etc—see [26] for definitions).
Overcoming these obstacles requires new ideas, leading to a richer mathematical theory. As
an example, [47] developed new general methods to prove the existence of a phase transition
for Gaussian fields without positive association.

3. Exploring universality
Certain properties of percolation models on discrete lattices have been observed numeri-

cally to be “universal” in the sense that they depend on the dimension of the model but not
on the individual lattice [36, 39]. Some of these properties also seem to be invariant under
certain changes to the dependence structure of the model [13, 18]. There is great interest in
understanding this universality; in particular, can we classify the models which have the same
behaviour? Gaussian fields provide a new family of percolation models with which to probe
these concepts, and numerical evidence [7] suggests their behaviour may match that of some
simple lattice models (at least for one important example of a Gaussian field). It would be of
great interest to prove rigorous results in this direction for Gaussian fields.

The most fundamental result in percolation theory is the existence of a (nontrivial) phase
transition for long range connections. For a given Gaussian field f , this can be stated as
follows: there exists ℓc ∈ℝ such that

(1.1) ℙ
(︁{f ≥ ℓ} has an unbounded component

)︁= {︄1 if ℓ < ℓc,

0 if ℓ > ℓc.

In recent years, the existence of such a phase transition for Gaussian fields has been proven
under increasingly general assumptions. We will describe precise conditions on f which
ensure this existence below. For now we just mention that if the covariance function of f

decays sufficiently quickly at infinity (and some other regularity conditions hold) then the
phase transition occurs and the unbounded component of {f ≥ ℓ} is unique almost surely for
each ℓ < ℓc (see Figure 1 for an illustration).

Once this phase transition has been established, it is then a very natural progression to
consider the geometry of the unbounded component in the supercritical regime (i.e., when
ℓ < ℓc). In particular one might ask;

QUESTION 1. How do basic geometric statistics for the unbounded component behave?
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FIG. 1. The excursion sets {f ≥ ℓ} are shown in white for the Matérn Gaussian field f : ℝ2 →ℝ with parameter
ν = 10 (see Example 1 for a description of this field). The largest connected component of the excursion set is
highlighted in green. The critical level ℓc for this model is known to be zero.

QUESTION 2. How does this behaviour depend on the distribution of f ?

Perhaps the most elementary geometric property of a subset of Euclidean space is its size
or volume and this turns out to be an interesting quantity to study in the context of percolation
theory. Let {f ≥ ℓ}∞ denote the unbounded component of {f ≥ ℓ} (when it exists) and let
Λn = [−n,n]d . An application of the ergodic theorem (after imposing suitable conditions on
f ) shows that

(2n)−d Vol
[︁{f ≥ ℓ}∞ ∩ Λn

]︁→ ℙ
(︁
0 ∈ {f ≥ ℓ}∞)︁ as n → ∞,

where Vol[·] denotes the d-dimensional volume (Hausdorff measure) of a set and conver-
gence occurs almost surely and in L1. The latter term is the percolation probability for the
field f . We therefore see that, aside from being a natural quantity of interest in its own right,
the normalised volume of the infinite component provides a consistent estimator for an im-
portant theoretical expression. Could one find the asymptotic variance and distribution of this
estimator?

Another very natural geometric quantity for a set is the size of its boundary (according
to some appropriate Hausdorff measure). The boundary of our excursion sets are C2-smooth
and so we consider their (d −1)-dimensional Hausdorff measure which we refer to as surface
area (see Figure 2). Since the boundary of excursion sets (of a continuous function) are level

FIG. 2. The excursion sets {f ≥ ℓ} are shown in white for the Bargmann–Fock field f : ℝ2 → ℝ (this model is
described in Example 1). The boundary of the largest connected component of the excursion set is highlighted in
orange.
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FIG. 3. The largest component (highlighted in green) of the excursion set {f ≥ ℓ}∩Λn surrounds three “holes”
and hence has an Euler characteristic of minus two. The Euler characteristic is well defined for the class of “basic
complexes” which includes excursion sets of smooth Gaussian fields (see [1], Chapter 6, for details).

sets, they have a clear interpretation. This also leads to the question of whether an unbounded
component of the level set {f = ℓ} exists and, if so, what its geometric properties are. We
discuss this briefly in Section 1.4.

One might also ask; what is the topological shape of the unbounded excursion component?
The Euler characteristic is an integer-valued quantity which provides topological information
about a set. For a “nice” set A ⊂ ℝ

2, the Euler characteristic is the number of components
of A minus the number of “holes” in A (see Figure 3). Analogous definitions hold in higher
dimensions. For a thorough background on the Euler characteristic and its study in the context
of excursion sets of Gaussian fields we recommend [1].

In this paper we study the previous three geometric quantities (volume, surface area and
Euler characteristic) for the unbounded excursion component restricted to a large box. We
show that if the covariance function of f decays rapidly at infinity then each of these quan-
tities satisfies a central limit theorem (CLT) as the size of the box increases. We discuss the
significance of these results in Section 1.4, after stating them precisely.

1.2. Statement of main results. Let f :ℝd → ℝ be a stationary Gaussian field with mean
zero, variance one and continuous covariance function K(x − y) := 𝔼[f (x)f (y)]. We as-
sume that f can be represented as

f = q ∗ W

for some q ∈ L2(ℝd) which is Hermitian (i.e., q(x) = q(−x)) where W denotes a Gaussian
white noise on ℝ

d and ∗ denotes convolution (we give a precise definition of the white noise
at the beginning of Section 1.3). We note that such a representation always exists if K ∈
L1(ℝd); by Bochner’s theorem K is the Fourier transform of a probability measure and if K

is integrable this measure has a density ρ with respect to Lebesgue measure, one can then set
q = ℱ[√ρ] (where ℱ[g](x) = ∫︁

ℝd eit ·xg(t) dt denotes the Fourier transform) and observe
that q ∗ W will have covariance q ∗ q = K as required.

Throughout our work we make the following assumptions.

ASSUMPTION 1.

1. (Smoothness 1) K ∈ C2k+ϵ for some integer k ≥ 4 and some ϵ > 0,
2. (Smoothness 2) q ∈ C3(ℝd) and ∂αq ∈ L2(ℝd) for every |α| ≤ 3,
3. (Decay) There exist β > d and c ≥ 1 such that, for all |x| ≥ 1,

max|α|≤2

⃓⃓
∂αq(x)

⃓⃓
< c|x|−β,



150 M. MCAULEY

4. (Symmetry) q(x) is invariant under sign changes and permuting the coordinates of x,
5. (Positivity) If d = 2 then K = q ∗ q ≥ 0, if d ≥ 3 then q ≥ 0.

We note that the first smoothness condition above implies that f is Ck almost surely and
the decay condition implies that

max|α|≤2

⃓⃓
∂αK(x)

⃓⃓
< C|x|−β

for all |x| ≥ 1. Conditions (2), (4) and (5) here will not play any role in our arguments, but
we include them as they have been used to establish the phase transition for f .

We consider some examples of Gaussian fields which satisfy the above assumption:

EXAMPLE 1.

1. The Bargmann–Fock field is the centred, real-analytic Gaussian field with covariance
function

K(x) = e− 1
2 |x|2 .

This field is of interest in algebraic geometry, where it arises as a local scaling limit of random
homogeneous polynomials of high degree (see the introduction to [5] for further details and
motivation). The percolative properties of the Bargmann–Fock field are well studied, in part
because its super-exponential decay of correlations is helpful in extending arguments from
discrete percolation which rely on independence on disjoint domains. Using basic properties
of the Fourier transform, one can verify that the Bargmann–Fock field has a white noise
decomposition with q(x) := (2/π)d/4e−|x|2 which evidently satisfies Assumption 1 for any
β > d .

2. The class of Matérn fields are defined by the covariance functions

K(x) = 1

2ν−1Γ(ν)
|x|νKν

(︁|x|)︁,
where Γ denotes the Gamma function, Kν is the modified Bessel function of the second kind
and ν > 0 is a parameter. These fields are widely used in machine learning [56], Chapter 4.
The spectral density of such a field is given by

ρ(t) ∝ (︁1 + |t |2)︁−ν−d/2
.

Hence the covariance function is k times differentiable if and only if ν > k, so that the pa-
rameter ν governs the smoothness of the field. Since q = ℱ[√ρ] it follows that

q(x) ∝ |x|ν′
Kν′
(︁|x|)︁,

where ν′ := ν
2 − d

4 . Using properties of the modified Bessel functions, one can then verify
that all the conditions of Assumption 1 are satisfied for ν > 6 + d/2 and any β > d .

3. As an example of a field satisfying Assumption 1 for a fixed value of β , one can set

q(x) = (︁1 + |x|2)︁−β/2
.

These fields have been less used in applications, but are of interest theoretically for under-
standing how the rate of decay of correlations (i.e., the value of β) affects the geometric
properties of the field.

It has previously been shown that Assumption 1 ensures that the field undergoes a sharp
version of the phase transition described in (1.1), which we now make precise. Recall that
Λn = [−n,n]d is the centred cube of side length 2n and for three sets A,B,C ⊆ ℝ

d let us

write A
B←→ C for the event that there exists a continuous curve in B which starts in A and

ends in C.
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THEOREM 1.1 ([49, 57] for d = 2, [60, 61] for d ≥ 3). Let f satisfy Assumption 1, then
there exists ℓc ∈ ℝ such that the following hold:

• for each ℓ > ℓc there exists C,c > 0 such that for all n > 2

ℙ
(︁
Λ1

{f ≥ℓ}←→ ∂Λn

)︁
< Ce−cn,

• for each ℓ < ℓc there exists C,c > 0 such that for all n > 2

ℙ
(︁
Λn ∩ {f ≥ ℓ}∞ = ∅

)︁
< Ce−cnd−1

,

where {f ≥ ℓ}∞ denotes the union of all unbounded components of {f ≥ ℓ}.
Moreover for ℓ < ℓc, with probability one the excursion set {f ≥ ℓ} has precisely one un-
bounded component (i.e., {f ≥ ℓ}∞ is connected).

We remark that in the planar case (i.e., when d = 2) it was proven that ℓc = 0. In higher di-
mensions (d ≥ 3) it is expected that ℓc > 0 and this has been proven [21] when Assumption 1
is satisfied for a sufficiently large β .

One more key ingredient is required for our results.

ASSUMPTION 2 (Truncated connection decay). For a given ℓ < ℓc, the probability that
Λ1 intersects a bounded component of {f ≥ ℓ} of diameter greater than n decays super-
polynomially in n.

Letting {f ≥ ℓ}<∞ := {f ≥ ℓ} \ {f ≥ ℓ}∞ be the union of all bounded excursion compo-
nents, Assumption 2 is equivalent to saying that for any k ∈ℕ

nk · ℙ(︁Λ1
{f ≥ℓ}<∞←→ ∂Λn

)︁→ 0 as n → ∞.

Truncated connection decay is closely related to a stronger local form of uniqueness for the
unbounded component which is conjectured to hold for all supercritical levels. We discuss
this assumption further in Section 1.4. When ℓ < −ℓc, we show that truncated connection de-
cay is an easy consequence of the subcritical connection decay of Theorem 1.1 and symmetry
of the Gaussian distribution.

PROPOSITION 1.2. Let f satisfy Assumption 1, then Assumption 2 holds for all ℓ < −ℓc.
In particular if d = 2 then Assumption 2 holds for the entire supercritical regime ℓ < ℓc = 0.

This result essentially follows because any bounded component of {f ≥ ℓ} must be “sur-
rounded” by a component of {f ≤ ℓ}. If the former has large diameter then so must the latter,
but for ℓ < −ℓc this probability decays exponentially in the diameter by Theorem 1.1 (and
the fact that {f ≤ ℓ} has the same distribution as {f ≥ −ℓ}). The complete argument is given
in Section 3.

We can now state our main results. Let f satisfy Assumption 1 for some given ℓ < ℓc.
(This choice of f and ℓ is fixed throughout most of the paper.) For any compact Borel set A,
we define our three quantities of interest as

μVol(A) := Vol
[︁
A ∩ {f ≥ ℓ}∞]︁,

μEC(A) := EC
[︁
A ∩ {f ≥ ℓ}∞]︁,

μSA(A) := ℋd−1[︁A ∩ ∂
(︁{f ≥ ℓ}∞)︁]︁,

where Vol[·] denotes the volume, EC[·] denotes the Euler characteristic and ℋk[·] denotes
the k-dimensional Hausdorff measure. Our first significant result is a “law of large numbers”
for these functionals as the domain size increases.
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THEOREM 1.3. Let f satisfy Assumption 1 and ℓ < ℓc. Given ⋆ ∈ {Vol,EC,SA} there
exists c⋆(ℓ) ∈ ℝ such that

μ⋆(Λn)

(2n)d
→ c⋆(ℓ) as n → ∞,

where convergence occurs almost surely and in L1. Furthermore

cVol(ℓ) = ℙ
(︁
0 ∈ {f ≥ ℓ}∞)︁,

cSA(ℓ) = 𝔼
[︁⃓⃓∇f (0)

⃓⃓
10∈{f ≥ℓ}∞|f (0) = ℓ

]︁
ϕ(ℓ), and

cEC(ℓ) = (−1)d𝔼
[︁
det∇2f (0)10∈{f ≥ℓ}∞

⃓⃓∇f (0) = 0
]︁
φ∇f (0)(0),

where ϕ and φ∇f (0) denote the density of a standard Gaussian and ∇f (0) respectively. In
particular,

0 < cVol(ℓ) < 1 − Φ(ℓ), 0 < cSA(ℓ) < 𝔼
[︁⃓⃓∇f (0)

⃓⃓]︁
ϕ(ℓ),

where Φ denotes the standard Gaussian cumulative distribution function, and as ℓ → −∞,

cVol(ℓ) → 1, cSA(ℓ) → 0 and cEC(ℓ) → 0.

Moreover, if d = 2, then cEC(ℓ) < 0.

The proof of this result follows from the ergodic theorem (along with some topological
arguments to characterise the limiting functional cEC(ℓ)).

Our next result describes the asymptotic variance and limiting distribution of our function-
als. Given k ≥ 4, which describes the smoothness of our field in Assumption 1, we define

βVol(k) = 3d, βEC(k) = k − 1

k − 3
3d, βSA(k) = 9k(k + 1) − 42

k(k + 1) − 8
d.

THEOREM 1.4. Let ⋆ ∈ {Vol,EC,SA} and suppose Assumption 1 holds for some k ≥ 4
and β > β⋆(k). Suppose also that Assumption 2 holds, then there exists σ = σ⋆(ℓ) ≥ 0 such
that as n → ∞

Var[μ⋆(Λn)]
(2n)d

→ σ 2 and
μ⋆(Λn) −𝔼[μ⋆(Λn)]

(2n)d/2
d−→ σZ,

where Z is a standard normal random variable.

A semi-explicit expression for σ⋆(ℓ) is given in Theorem 2.2. By imposing slightly
stronger conditions, we can ensure that the limiting variance in Theorem 1.4 is strictly posi-
tive and hence the limiting distribution is nondegenerate.

THEOREM 1.5. Let ⋆ ∈ {Vol,EC,SA} and let ℓ < −ℓc. If ⋆ = EC we assume that d = 2.
Suppose the conditions for Theorem 1.4 are satisfied and in addition that q ≥ 0, then

σ⋆(ℓ) > 0.

The assumption that ℓ < −ℓc is of course vacuous for planar fields since ℓc = 0. We
discuss how this condition could be weakened in the next subsection.

REMARK 1. The proof of positivity relies on the existence of sets of positive measure on
which c⋆, defined in Theorem 1.3, takes different values (we explain this more in the next
subsection). This assumption is verified in Theorem 1.3 for all d ≥ 2 when ⋆ ∈ {Vol,SA} but
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FIG. 4. The dashed area shows the excursion set {f ≥ ℓ} restricted to Λ(1+ϵ)n. The dark grey area corresponds
to {f ≥ ℓ}n,ϵ . In particular, the lower left excursion component in Λn is not shaded because it is not connected
to ∂Λ(1+ϵ)n.

only for d = 2 when ⋆ = EC, explaining the restrictions in the statement of Theorem 1.5. The
obstacle in the latter case is that μEC can take positive and negative values, so that in principle
it may have an (asymptotic) expectation of zero at all levels (although intuitively this seems
very unlikely). If one could show that cEC is nonzero on a set of positive measure for other
values of d , this would immediately extend the conclusion of Theorem 1.5 to such values.

While the geometric quantities μ⋆ for ⋆ ∈ {Vol,SA,EC} are very natural from a theoretical
perspective, they are less useful in applications as they cannot be observed from a bounded
domain. That is, if we look at a realisation of {f ≥ ℓ} on a large domain Λn for some ℓ <

ℓc, we expect the set to be dominated by one large component which is part of {f ≥ ℓ}∞.
However we cannot tell from within Λn which parts of the excursion set that intersect the
boundary are contained in the unbounded component. Thus it would be useful to have a
“finitary” version of our CLT. Fortunately such a statement follows without much difficulty
from our main result (Theorem 1.4).

Let ϵ > 0 be fixed and for n ∈ ℕ let {f ≥ ℓ}n,ϵ be the union of all components of {f ≥
ℓ} ∩ Λn which are connected to ∂Λ(1+ϵ)n in {f ≥ ℓ} (see Figure 4). We then define

μVol(Λn, ϵ) := Vol
[︁{f ≥ ℓ}n,ϵ

]︁
,

μEC(Λn, ϵ) := EC
[︁{f ≥ ℓ}n,ϵ

]︁
,

μSA(Λn, ϵ) := ℋd−1[︁{f ≥ ℓ}n,ϵ ∩ {f = ℓ}]︁.
As a consequence of Assumption 2, components of {f ≥ ℓ} ∩ Λn have very small prob-

ability of connecting to ∂Λ(1+ϵ)n unless they are part of the unbounded component. One
can therefore show that {f ≥ ℓ}n,ϵ and {f ≥ ℓ}∞ ∩ Λn have essentially the same geometric
statistics, meaning that the former also satisfies a CLT.

COROLLARY 1.6. Let ϵ > 0 be fixed, then the statement of Theorem 1.4 holds verbatim if
μ⋆(Λn) is replaced by μ⋆(Λn, ϵ). Moreover the limiting variance σ 2

⋆ (ℓ) takes the same value
after this replacement.
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1.3. Outline of the proof. We now describe our method of proof for Theorems 1.4
and 1.5:

White noise CLT: We define a Gaussian white noise (on ℝ
d ) to be a centred Gaussian pro-

cess W indexed by L2(ℝd) such that for g,h ∈ L2(ℝd), 𝔼[W(g)W(h)] = ∫︁
ℝd g(x)h(x) dx.

One can think of W as a random distribution, with test functions in L2(ℝd), and we em-
phasise this by writing W(g) =: ∫︁ g(x)W(dx). In particular, this justifies the definition of f

given earlier: for x ∈ ℝ
d

f (x) = q ∗ W(x) :=
∫︂

q(x − y)W(dy).

For a Borel set A ⊂ ℝ
d (with finite Lebesgue measure) we define W(A) := W(1A). We fix

a Gaussian white noise W , to be used throughout our analysis, and for v ∈ ℤ
d let Wv be the

restriction of W to the cube Bv := v + [0,1]d (i.e., Wv(g) := W(g1Bv) for all g ∈ L2(ℝd)).
For each n ∈ ℕ and v ∈ ℤ

d let μ(v + Λn) := F(v + Λn,W) where F is some deterministic
functional. We call μ a stationary white-noise functional if it is invariant under a common
translation of both arguments; in other words, for all u, v ∈ ℤ

d and n ∈ ℕ

F
(︁
u + v + Λn,W(· − u)

)︁= F(v + Λn,W),

where W(· − u) denotes the functional defined by A ↦→ W(A − u) for any Borel set A. We
note that μ⋆ is a stationary white-noise functional for each ⋆ ∈ {Vol,SA,EC} (courtesy of the
white noise representation for f ).

Our first step is to apply (a slight generalisation of) the classical martingale-array CLT to
the stationary white-noise functional μ. Let ⪯ denote the standard lexicographic ordering on
ℤ

d . We define a family of σ -algebras (ℱv)v∈ℤd by ℱv := σ(Wu|u ⪯ v) and a collection of
random variables

Sn,v := 𝔼[μ(Λn)|ℱv] −𝔼[μ(Λn)]
(2n)d/2 n ∈ ℕ, v ∈ ℤ

d .

This collection forms a martingale array with respect to the lexicographic ordering (we define
this notion precisely in Section 2). Moreover if we take each coordinate of v to infinity then
one can show that Sn,v converges to Sn,∞∗ := (2n)−d/2(μ(Λn) − 𝔼[μ(Λn)]). For v ∈ ℤ

d let
v− denote the element of ℤd immediately preceding v in the lexicographic ordering. We write
Un,v := Sn,v − Sn,v− for the increment of our lexicographic martingale array. The martingale
CLT states that Sn,∞∗ is asymptotically Gaussian, provided that the increments Un,v satisfy
certain probabilistic bounds. We show that these follow from corresponding bounds on the
change in μ when locally resampling the white noise, which we now describe.

For v ∈ ℤ
d let ˜︂W(v) denote W after resampling Wv independently. That is, let W ′ be an

independent copy of W and for any Borel set A we define˜︂W(v)(A) = W(A \ Bv) + W ′(A ∩ Bv).

We then define

Δv(u + Λn) = F(u + Λn,W) − F
(︁
u + Λn,˜︂W(v))︁

to be the change in our functional when resampling the white noise on the cube Bv . Then by
definition of ℱv

Un,v = (2n)−d/2
𝔼
[︁
Δv(Λn)|ℱv

]︁
a.s.,

which allows us to relate the conditions of the martingale CLT to Δv(Λn). By assuming
also that μ is additive over distinct unit cubes, we finally show that a CLT holds for Sn,∞∗
provided that for all v,w ∈ ℤ

d

(1.2) 𝔼
[︁⃓⃓
Δv(Bw)

⃓⃓+ ⃓⃓Δv(Bw)
⃓⃓2+ϵ]︁≤ C

(︁
1 + |v − w|)︁−3d−δ

,

where C,ϵ, δ > 0 are independent of v and w.
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FIG. 5. Three ways in which the volume of the unbounded component restricted to a cube can change: in case
(i) the topology within the cube changes and we bound |Δv(Bw)| by 1. In case (ii) there is no topological change
in Bw or in any cube which is connected to Bw by a finite excursion component so we bound |Δv(Bw)| by the
volume of the solid grey region in the figure. In case (iii) there is a topological change outside Bw affecting which
components inside Bw are part of the unbounded component, so we bound |Δv(Bw)| by 1.

Application to unbounded component: Theorem 1.4 is proven by verifying condition (1.2)
for μ⋆ when ⋆ ∈ {Vol,SA,EC}. In this setting, resampling the white noise on Bv is equivalent
to replacing f by ˜︁fv := q ∗˜︂W(v). We can control the difference between the excursion sets of
these two functions using a basic Morse theoretic argument: consider the family of excursion
sets {(1 − t)f + t ˜︁fv ≥ ℓ} for t ∈ [0,1], as t increases, the level/excursion sets will deform
continuously unless they pass through a critical point.

We now focus on the case ⋆ = Vol and ask, how can the volume of the unbounded compo-
nent contained in some fixed cube Bw change as we vary t? If the level sets {(1− t)f + t ˜︁fv =
ℓ} pass through any critical points inside Bw (including “boundary critical points” which will
be defined later), then their topology may change (see case (i) in Figure 5). We call such a
cube locally unstable. In this case we do not know which components of {f ≥ ℓ} ∩ Bw and
{ ˜︁fv ≥ ℓ} ∩ Bw are contained in the corresponding unbounded components. We say that there
is a local topological contribution to the change in volume of the unbounded component and
we bound this contribution trivially:

(1.3)
⃓⃓
Δv(Bw)

⃓⃓≤ 1.

If the level sets do not pass through any critical points, then their topology inside Bw is
preserved and in this case the volume of the unbounded component (restricted to Bw) can
change due to excursion components changing in volume (see case (ii) in Figure 5). We
describe this as a geometric contribution to the change in volume. It is not difficult to control
this contribution in terms of the regions where f − ℓ is small (relative to f − ˜︁fv).

However there is one more way in which the volume of the unbounded component may
change. Even if the topology of level sets within Bw is unchanged, it is possible that topo-
logical changes elsewhere will disconnect some of the excursion components in Bw from
the unbounded component (see case (iii) in Figure 5). We describe this as a nonlocal topo-
logical contribution. In this case one of the components of {f ≥ ℓ} ∩ Bw must be contained
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in {f ≥ ℓ}∞ and the corresponding component of { ˜︁fv ≥ ℓ} ∩ Bw must not be contained in
{ ˜︁fv ≥ ℓ}∞ (or vice versa). This implies that Bw must be connected by a bounded component
of {f ≥ ℓ} (or { ˜︁fv ≥ ℓ}) to some locally unstable cube Bu. We note that Bu can, in principle,
be arbitrarily far from Bw . Once again, we bound such a contribution trivially by one.

To prove condition (1.2) for μVol, we simply sum each of the three contributions above.
This requires us to have quantitative decay bounds on (i) the probability of Bw being locally
unstable when we resample Wv as |w − v| → ∞ and (ii) the probability of Bw being con-
nected to Bu by a bounded component of {f ≥ ℓ} as |u − w| → ∞. The latter is precisely
Assumption 2. The former follows from the fact that

(1.4) pv(x) := f (x) − ˜︁fv(x) =
∫︂
Bv

q(x − u)d
(︁
W −˜︂W(v))︁(u)

and its derivatives are small when x ∈ Bw , which in turn follows from our decay assumptions
on q .

We prove condition (1.2) for ⋆ = SA and ⋆ = EC in a very similar way by decomposing
the change into local/nonlocal topological and geometric contributions. In place of the trivial
upper bound (1.3) we use the total surface area for f and ˜︁fv in Bw or their total number of
critical points when ⋆ = SA,EC respectively. This is the underlying reason why Theorem 1.4
requires stronger covariance decay (i.e., larger values of β) when ⋆ = SA,EC as compared
to ⋆ = Vol: our argument interpolates between moment bounds for these upper bounds and
decay of the probability that a cube is unstable. The finiteness of moments of surface area and
critical points follows from smoothness of the underlying field (i.e., larger k in Assumption 1)
whereas the trivial constant bound on the volume has finite moments of all order without any
smoothness assumptions.

Positivity of variance: The proof of Theorem 1.4 gives the following semi-explicit expres-
sion for the limiting variance:

(1.5) σ 2
⋆ (ℓ) = 𝔼

[︂
𝔼

[︂
lim

n→∞Δ0(Λn)|ℱ0

]︂2]︂= 𝔼

[︂
𝔼

[︂
lim

n→∞μ⋆(Λn,f ) − μ⋆(Λn, ˜︁f0)|ℱ0

]︂2]︂
.

Applying the result to a rescaled version of the field f , we show that (1.5) still holds if we
instead resample the white noise on Λm, for some large but fixed m, rather than B0. We then
find a lower bound for σ 2 by resampling only the average value of the white noise on Λm

(i.e., the value of W(Λm) = ∫︁ 1Λm dW(u)). Since f = q ∗ W , this resampling is equivalent
to adding Z0q ∗1Λm to f where Z0 is a standard Gaussian variable. When

∫︁
q(x) dx ≠ 0 and

m is large, the latter is roughly equivalent to perturbing f by a constant on Λm and by some
decaying term on ℝ

d \ Λm.
Assuming that there is some ℓ′ for which c⋆(ℓ

′) ≠ c⋆(ℓ), where c⋆ is defined in Theo-
rem 1.3, the perturbation on Λm can cause a change in μ⋆(Λn) (where n ≫ m) of order md .
Finally we show that the effect on μ⋆(Λn) of the perturbation outside Λm is of order o(md),
so that by taking m sufficiently large the overall effect of the perturbation is nonzero, yielding
a positive variance. The latter argument relies on having a statement about truncated connec-
tion decay for a perturbed version of f . Such a statement follows from subcritical decay (i.e.,
the first part of Theorem 1.1) when ℓ < −ℓc, which explains why we impose this assumption
in Theorem 1.5. However we note that the statement could alternatively be proven using a
“sprinkled” version of truncated arm decay which would conjecturally hold for all ℓ < ℓc.

1.4. Discussion. We now discuss some possible extensions of our work and related open
questions.

Related work: Our proof of Theorem 1.4 builds upon a versatile CLT for stationary func-
tionals of spatial white noise due to Penrose [54]. This result unified the approach of several
other works which applied the classical martingale CLT to spatial probabilistic processes
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[33, 34, 37, 63]. In particular we note that Zhang [63] proved a CLT for the size of the un-
bounded component of Bernoulli percolation on ℤ

d (a discrete analogue of our volume CLT)
and Penrose [54] proved a corresponding result for the largest component in a finite box.

Additional complications arise in our setting: the functionals μ⋆ have infinite range of
dependence on the underlying white noise process and controlling the behaviour of the un-
bounded component in this continuous setting presents some technical difficulties. Moreover,
verifying positivity of the limiting variance requires new techniques. A central limit theo-
rem for the number of connected components of the excursion/level set of a Gaussian field
was proven in [9] using methods closely related to those in this work. Although controlling
changes in the latter functional under perturbation is simpler as there are no geometric or non-
local topological contributions. More recently these methods have been adapted to prove a
functional central limit theorem for more general topological functionals (including the Betti
numbers) [29].

Truncated arm decay: While our results are valid for all supercritical levels in the planar
case, the assumption of truncated connection decay has not been verified (for all levels) in
higher dimensions. Based on the behaviour of Bernoulli percolation [19] and similarities be-
tween this model and fast-decay Gaussian fields (see [6] and references therein) it is natural
to conjecture that truncated connection probabilities should decay exponentially at any su-
percritical level for fields satisfying Assumption 1. That is, we would expect for each ℓ < ℓc

there exists C,c > 0 such that

ℙ
(︁
Λ1

{f ≥ℓ}<∞←→ ∂Λn

)︁
< Ce−cn for all n ∈ ℕ.

See [60], Section 1.3, for further details and references. A proof of the latter statement, which
seems to require new ideas when compared to the case of Bernoulli percolation, would im-
mediately extend our CLTs to all supercritical levels in d ≥ 3.

Martingale methods for nonlocal functionals: A geometric functional of a field is said to
be local if it can be expressed as an integral of a pointwise function of the field (and possibly
its derivatives). For example, the volume of the excursion set of a field is local but the vol-
ume of the unbounded component of the excursion set is nonlocal since one needs to know
which parts of the excursion set belong to this component to compute the volume. The statis-
tics of many local functionals are well understood: under conditions roughly equivalent to
Assumption 1, CLTs have been proven for local functionals including the Lipschitz–Killing
curvatures of excursion sets [22, 35, 50] and the number of critical points [52]. These results
are proven using the Wiener chaos expansion (see [31], Chapter 2, for background). The
Wiener chaos expansion of nonlocal functionals is generally intractable, and so these quanti-
ties have proven more challenging to analyse. Although recently the chaos expansion method
has been successfully applied to a nonlocal functional of a discrete Gaussian field [44].

One of the key takeaways we would like to impress upon the reader, is the potential value
of martingale methods in studying nonlocal functionals. Our results show that such methods
offer significant insight into μVol, μEC and μSA (all of which are nonlocal). Moreover the
same general approach was applied to the component count (which is also nonlocal) in [9]
and to higher order Betti numbers in [29]. Theorem 2.2 gives general sufficient conditions
for such functionals to satisfy a CLT. In Proposition 2.6, we give a simpler set of sufficient
conditions for functionals that are local when restricted to the unbounded component. With
a little work, this result would likely allow one to prove CLTs for the following quantities
(restricted to Λn as n → ∞):

• the number of critical points of f in {f ≥ ℓ}∞,
• the volume of {f ≥ ℓ}∞ restricted to some fixed lower dimensional hyperplane,
• the volume of {f1 ≥ ℓ}∞ ∩ {f2 ≥ ℓ}∞ for two independent fields f1 and f2.
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One could also study “supercritical geometry” of Gaussian fields via the unbounded compo-
nents of {f = ℓ} or {ℓ1 ≤ f ≤ ℓ2}. These components have been proven to exist for certain
fields and levels [21, 47] although more work is needed for a full characterisation.

The use of martingale methods in our work relies on the existence of a convolution-white
noise representation (i.e., f = q ∗ W for suitable q). This imposes certain restrictions on f ,
including the fact that it must have integrable covariance function. It is an open question as
to whether there are alternative representations of more general Gaussian fields which would
also be amenable to martingale arguments.

Geometry and dependence structure: Recall that the motivation for our work (Questions 1
and 2) was to understand the geometry of the unbounded excursion component and its depen-
dence on the distribution of f . Our results do not provide any evidence for major differences
in supercritical geometric behaviour among fields, but known results for other functionals
suggest that we should expect this. Let us consider three broad classes of dependence struc-
ture and their resulting geometric properties:

1. Short-range correlations
We call a (smooth, stationary) Gaussian field short-range correlated if K ∈ L1(ℝd) (where

K is the covariance function). Morally speaking, this is roughly equivalent to Assumption 1
for some β > d . The quintessential example is the Bargmann–Fock field although we also
mention the family of Cauchy fields with covariance function Kβ(x) := (1 + |x|2)−β/2 for
β > d .

A variety of geometric functionals restricted to growing boxes Λn are known to have sim-
ilar behaviour for short-range correlated fields; namely, the mean and variance of these quan-
tities scale like the volume nd and an asymptotic CLT holds with Gaussian limit. Specifically
under Assumption 1, this behaviour has been verified for the Lipschitz–Killing curvatures
[22, 35, 50], the number of critical points [2, 52] and the component count [9] (although the
last result was proven only in the case that β > 3d).

2. Regularly varying long-range correlations
We say that a field f is regularly varying with index β ∈ (0, d) and remainder L if

K(x) = |x|−βL(|x|) where L is slowly varying at infinity. (The reader unfamiliar with this
terminology can consult [12] for a definition or just think of K as decaying like |x|−β at
infinity.) Cauchy fields with covariance kernel Kβ for β ∈ (0, d) fall within this class.

Geometric properties of such fields are less well characterised compared to the short-range
correlated case but may be expected to generally exhibit super-volume order variance scaling.
That is, the variance of the geometric functionals considered above (Lipschitz–Killing curva-
tures, component count etc) restricted to the box Λn could have variance of order n2d−βL(n)

for some slowly varying function L. In general the limiting fluctuations may be Gaussian
or non-Gaussian; see [38] for a thorough development of such results for local functionals.
Analogous behaviour has recently been proven in [44] for a nonlocal functional of a discrete
Gaussian field, while upper and lower variance bounds of the conjectured order have been
established for the component count of smooth fields [8, 10].

3. Oscillating long-range correlations
We say that a field has oscillating long-range correlations if K is not integrable and can

take negative values. The most important representative of this class is the monochromatic
random wave: the field with spectral measure supported uniformly on 𝕊

d−1.
Fascinating geometric results have been proven for monochromatic random waves, mainly

in the two-dimensional case. The broad picture which emerges for a number of functionals
related to excursion sets is the following: at most levels ℓ the functionals of {f ≥ ℓ} have
super-volume order scaling for the variance and a CLT is known. However for a small number
of anomalous levels the functionals have variance of lower order (typically proportional to the
volume, up to some logarithmic factors) and CLTs are sometimes known in these cases. This
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pattern of behaviour has been observed for the area [42, 43], boundary length [53, 58], Euler
characteristic [14, 16] and number of critical points [15, 17] of two-dimensional monochro-
matic random waves. (To be more precise, most of these results hold for families of Gaussian
fields on the sphere which converge locally to the monochromatic random wave but we ex-
pect the behaviour to be similar.) Progress has been made recently in extending these results
to more general covariance structures using spectral arguments [23, 40].

The phenomenon of anomalous levels was first observed in [11] for the length of the nodal
set (i.e., the zero level set) and is known, at least in this case, as Berry cancellation. The
previous results have been proven using either the Kac–Rice formula (see [4], Chapter 6, for
background) or the Wiener chaos expansion. Both of these methods rely on locality of the
functionals.

So should we expect the previous relationship between geometric functionals and dependence
structure to manifest for the unbounded excursion component?

Our results verify analogous behaviour for a fairly general subset of the short-range corre-
lated fields, so we expect this holds for the entire short-range correlated class. For a large class
of fields with regularly varying long-range correlations, a sharp phase transition is known
to occur [46, 48] while for the monochromatic random wave, a non-trivial phase transition
has been proven [45, 47]. Hence one can legitimately ask about the geometry of the un-
bounded excursion component, but our results provide no insight as such fields fail to have a
convolution-white noise decomposition. We can only pose the following questions.

QUESTION 3. If a field is regularly varying with index β ∈ (0, d), do the local functionals
of its unbounded excursion component restricted to Λn have variance of order n2d−β? Are
there anomalous levels for which the variance has lower order? Are the limiting fluctuations
Gaussian?

QUESTION 4. For monochromatic random waves in dimension d , do the local function-
als of the unbounded excursion component restricted to Λn have variance of order nd+1? Are
there anomalous levels with lower order variance? Are the limiting fluctuations Gaussian?

The suggested variance order nd+1 in the latter case is based on results for the volume of
excursion sets of a model related to monochromatic random waves in dimensions d ≥ 2 [41].

Proving the existence of anomalous levels for nonlocal variables, such as those related to
the unbounded component, could be particularly challenging as the Wiener chaos expansion
may be intractable. We note that upper and lower bounds on the variance of the component
count (a nonlocal variable) have been proven for fields with long-range correlations [8, 10]
and the former gives a necessary condition for anomalous levels. However it seems that the
methods used in these works cannot be extended to prove the existence of anomalous levels.
While our methods cannot be applied directly to answer any of the above questions, the
general approach of using an abstract martingale CLT along with some decomposition of the
field might hold promise.

2. A CLT for white noise functionals. In this section we prove a CLT for stationary
white noise functionals which generalises the result of Penrose [54] to the case of infinite
range of dependence. We then derive a simpler sufficient condition for this CLT to hold when
the white noise functional is (approximately) additive.

We begin by stating an abstract CLT for martingale arrays. Recall that ⪯ denotes the
standard lexicographic ordering on ℤ

d . Let {ℱn,v|v ∈ ℤ
d, n ∈ ℕ} be a set of σ -algebras such

that for each n, v ⪯ w implies ℱn,v ⊆ ℱn,w . We say that a collection of random variables
{Sn,v|v ∈ ℤ

d, n ∈ ℕ} is a lexicographic martingale array if the following hold:
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1. Sn,v is ℱn,v-measurable for each n and v,
2. if v ⪯ w then 𝔼[Sn,w|ℱn,v] = Sn,v for each n.

We say that the array is mean-zero if 𝔼[Sn,v] = 0 for all n, v and square integrable if
supv∈ℤd 𝔼[S2

n,v] < ∞ for each n ∈ ℕ. We say that a sequence of points in ℤ
d converges

to ±∞∗ if all coordinates of the points converge to ±∞. For a square-integrable martingale
array, the Lp-convergence theorems for forward/reverse martingales imply that the following
limits exist

Sn,∞∗ := lim
v→∞∗ Sn,v and Sn,−∞∗ := lim

v→−∞∗ Sn,v,

where convergence occurs almost surely and in L2.
Finally we wish to impose a condition on our array which ensures that the martin-

gale (or equivalently the family of σ -algebras ℱn,v) does not make any “jumps” when
some coordinates tend to infinity. (To illustrate; for d = 2 we would like to know that
limk→∞ Sn,(0,k) = limj→−∞ Sn,(1,j) almost surely, so that the important behaviour of the
martingale can be captured on bounded domains.) We therefore say that Sn,v is regular at
infinity if for all n ∈ ℕ, i ∈ {1, . . . , d − 1} and (v1, . . . , vi) ∈ ℤ

i

lim
vi+1,...,vd→∞Sn,v = lim

vi+1,...,vd→−∞Sn,v′

almost surely where v = (v1, . . . , vd) and v′ = (v1, . . . , vi−1, vi + 1, vi+1, . . . , vd). For
v ∈ ℤ

d we let v− denote the element of ℤd immediately preceding v in the lexicographic
order and we define the differences of the martingale array as Un,v := Sn,v −Sn,v− . A straight-
forward consequence of being regular at infinity is that

Sn,∞∗ − Sn,−∞∗ = ∑︂
v∈ℤd

Un,v

whenever
∑︁

v∈ℤd |Un,v| < ∞.
The following result was proven in [9]. It is a straightforward generalisation of a classical

CLT for finite martingale arrays which can be found, for example, in [27], Chapter 3.

THEOREM 2.1. Let {Sn,v,ℱn,v : v ∈ ℤ
d, n ∈ ℕ} be a mean-zero square-integrable lex-

icographic martingale array which is regular at infinity such that Sn,−∞∗ = 0 for each n.
Suppose that

sup
v∈ℤd

|Un,v| p−→ 0 as n → ∞,(2.1)

sup
n

𝔼

[︂
sup
v∈ℤd

U2
n,v

]︂
< ∞,(2.2)

∑︂
v∈ℤd

U2
n,v

L1−→ η2 ∈ [0,∞) as n → ∞,(2.3)

𝔼

[︃∑︂
v∈ℤd

|Un,v|
]︃

< ∞ for all n ∈ ℕ.(2.4)

Then Var[Sn,∞∗] → η2 and Sn,∞∗ d−→ Z as n → ∞ where Z ∼ 𝒩 (0, η2).

We now state our generalised CLT. Recall that W is a Gaussian white noise on ℝ
d and

Wv denotes its restriction to the unit cube Bv for v ∈ ℤ
d . For each n ∈ ℕ and v ∈ ℤ

d we let
μ(v + Λn) := F(v + Λn,W) where F is some deterministic functional. We say that μ is a
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stationary white-noise functional if μ(v + Λn) is unchanged when we translate v and W by
the same vector in ℤ

d (i.e., F(u + v + Λn,W(· − u)) = F(v + Λn,W) for any u ∈ ℤ
d ). We

define the differences of μ as

Δu(v + Λn) = F(v + Λn,W) − F
(︁
v + Λn,˜︂W(u))︁,

where we recall that ˜︂W(u) denotes the white noise W with Wu resampled independently.

THEOREM 2.2. Let μ be a stationary white-noise functional satisfying the following:

1. (Finite second moments) 𝔼[μ(v + Λn)
2] < ∞ for all v ∈ ℤ

d and n ∈ ℕ,
2. (Stabilisation) there exists a random variable Δ0 such that for any sequence of cubes

Dn := vn + Λn satisfying lim infn Dn = ℝ
d we have

Δ0(Dn) → Δ0

in probability as n → ∞,
3. (Bounded moments) There exists ϵ > 0 such that

sup
v∈ℤd ,n∈ℕ

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓2+ϵ]︁
< ∞,

4. (Moment decay) There exists c, ϵ, ζ > 0 and γ > max{d, ζ } such that for all v ∈ ℤ
d \

Λn

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓+ ⃓⃓Δv(Λn)
⃓⃓2+ϵ]︁≤ cnζ dist(v,Λn)

−γ ,

where dist(v,Λn) denotes the Euclidean distance from v to Λn.

Let ℱv be the σ -algebra generated by {Wu|u ⪯ v}. Then as n → ∞,

Var[μ(Λn)]
(2n)d

→ σ 2 and
μ(Λn) −𝔼[μ(Λn)]

(2n)d/2
d−→ σZ,

where Z ∼ 𝒩 (0,1) and σ 2 = 𝔼[𝔼[Δ0|ℱ0]2].

REMARK 2. This result and its proof closely follow that of Penrose [54], Theorem 2.1,
with two differences: first, Penrose considered more general sequences of growing domains
whereas we work only with the cubes (Λn)n∈ℕ for simplicity, and second, Penrose assumed
that μ(Λn) depends only on the white noise restricted to Λn whereas we allow μ to have
potentially infinite range of dependence. This is why we require a lexicographic version of
the martingale CLT (i.e., Theorem 2.1) rather than the standard version. To control such
infinite-range functionals, we impose condition (4) which is not required for Penrose’s result.

First we specify the martingale to which we will apply Theorem 2.1.

LEMMA 2.3. Let μ satisfy the conditions of Theorem 2.2, then

Sn,v := (2n)−d/2(︁
𝔼
[︁
μ(Λn)|ℱv

]︁−𝔼
[︁
μ(Λn)

]︁)︁
and ℱn,v := ℱv

define a mean-zero, square-integrable lexicographic martingale array which is regular at
infinity. Moreover Sn,−∞∗ = 0 and Sn,∞∗ = (2n)−d/2(μ(Λn) −𝔼[μ(Λn)]).
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PROOF. It is clear from the definition that Sn,v is a mean-zero lexicographic martingale
array. Since μ has finite second moments, the array is square integrable. By Lévy’s downward
and upward convergence theorems respectively

lim
v→−∞∗ 𝔼

[︁
μ(Λn)|ℱv

]︁= 𝔼

[︃
μ(Λn)

⃓⃓⃓ ⋂︂
v∈ℤd

ℱv

]︃
= 𝔼

[︁
μ(Λn)

]︁
,

lim
v→∞∗ 𝔼

[︁
μ(Λn)|ℱv

]︁= 𝔼

[︃
μ(Λn)

⃓⃓⃓
σ

(︃ ⋃︂
v∈ℤd

ℱv

)︃]︃
= μ(Λn),

where the right-most equalities hold because the tail σ -algebra
⋂︁

v∈ℤd ℱv is trivial and W

is measurable with respect to σ(
⋃︁

v∈ℤd ℱv). Hence Sn,−∞∗ = 0 and Sn,∞∗ = μ(Λn), as re-
quired.

It remains to show that Sn,v is regular at infinity. We fix two sequences j (m) and k(m) in
ℤ

d such that

j (m) = (︁u1, . . . , ui, a
(m)
1 , . . . , a

(m)
d−i

)︁
,

k(m) = (︁u1, . . . , ui + 1, b
(m)
1 , . . . , b

(m)
d−i

)︁
,

where a
(m)
1 , . . . , a

(m)
d−i → ∞ and b

(m)
1 , . . . , b

(m)
d−i → −∞ with m. By Lévy’s upward and down-

ward theorems, as m → ∞ we have

𝔼
[︁
μ(Λn)|ℱj (m)

]︁→ 𝔼
[︁
μ(Λn)

⃓⃓
ℱ−]︁,

𝔼
[︁
μ(Λn)|ℱk(m)

]︁→ 𝔼
[︁
μ(Λn)

⃓⃓
ℱ+]︁,

where

ℱ− = σ

(︃ ⋃︂
m∈ℕ

ℱj (m)

)︃
and ℱ+ = ⋂︂

m∈ℕ
ℱk(m) .

Regularity at infinity then follows if we can show that the completions of ℱ+ and ℱ− co-
incide. We note that ℱ+ is generated by events in ℱ− together with those measurable with
respect to a “tail” of independent variables. We can therefore argue by generalising the proof
of Kolmogorov’s zero-one law. Specifically for A ∈ℱ+, defining

𝒢m := σ
(︁
Wv|k(m) ⪯ v ⪯ k(1))︁ and 𝒢∞ = σ

(︃⋃︂
m

𝒢m

)︃
we may apply Lévy’s upward theorem once more to see that

(2.5) 𝔼
[︁
1A|σ (︁ℱ−,𝒢m

)︁]︁→ 𝔼
[︁
1A|σ (︁ℱ−,𝒢∞

)︁]︁= 1A,

where the final equality follows since σ(ℱ−,𝒢∞) ⊇ℱk(1) ⊇ ℱ+. However since ℱ+ is inde-
pendent of 𝒢m we have

𝔼
[︁
1A|σ (︁ℱ−,𝒢m

)︁]︁= 𝔼
[︁
1A|ℱ−]︁.

Combined with (2.5) this implies that A is measurable with respect to the completion of ℱ−,
as required. □

Next we record an elementary lemma which we will use repeatedly in calculations. Recall
that dist(·, ·) denotes the Euclidean distance between two sets (or a point and a set).

LEMMA 2.4. Let γ > d , then there exists a constant c > 0 depending only on d and γ

such that for n ∈ ℕ and r ≥ 1∑︂
v∈ℤd :dist(v,Λn)>r

dist(v,Λn)
−γ ≤ cr−γ+1 max{r, n}d−1.
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PROOF. For v ∈ ℤ
d let C(v) be the point in Λn ∩ ℤ

d nearest to v. The idea of the proof
is to partition {v|dist(v,Λn) > r)} according to the point in Λn ∩ℤ

d which v is nearest to.
For i = 0,1, . . . , d let Facei denote the points x ∈ Λn ∩ℤ

d such that d + i of their nearest
neighbours (in ℤ

d ) are also contained in Λn. So, for example, Face0 denotes the corners of
the cube Λn and Faced denotes the points of ℤd in the interior of Λn. We note that the number
of points in Facei is at most cdni , where cd > 0 is some constant depending only on d , by
elementary geometric considerations.

We define Sx = {v ∈ ℤ
d |dist(v,Λn) > r,C(v) = x}. Observe that Sx = ∅ whenever x ∈

Faced . Moreover when x ∈ Facei and v ∈ Sx , x − v must be orthogonal to each of the i

directions in which both neighbours of x are contained in Λn. In other words Sx − x is
contained in a subspace of dimension d − i and hence∑︂

v∈Sx

|v − x|−γ ≤ ∑︂
y∈ℤd−i :|y|>r

|y|−γ ≤ cγ r−γ+d−i .

We then conclude that∑︂
v∈ℤd :dist(v,Λn)>r

dist(v,Λn)
−γ =

d−1∑︂
i=0

∑︂
x∈Facei

∑︂
v∈Sx

|v − x|−γ

≤
d−1∑︂
i=0

cdnicγ r−γ+d−i ≤ cr−γ+1 max{r, n}d−1

as required. □

Finally we state a version of the ergodic theorem which we will make use of in proving
Theorem 2.2.

THEOREM 2.5 (Multivariate ergodic theorem [32], Theorem 25.12). Let ξ be a random
element in some set S with distribution ν. Let T1, . . . , Td be ν-preserving transformations
of S. Assume that the invariant σ -algebra of each Ti is trivial and let G ∈ Lp(ν) for some
p > 1, then as n → ∞

1

nd

d∑︂
i=1

∑︂
ki≤n

G
(︁
T

k1
1 . . . T

kd

d ξ
)︁→ 𝔼

[︁
G(ξ)

]︁
,

where convergence occurs almost surely and in Lp .

PROOF OF THEOREM 2.2. By Lemma 2.3, the variance convergence and CLT that we
wish to prove will follow if we can verify the numbered conditions in Theorem 2.1 (along the
way we will also derive the claimed expression for the limiting variance σ 2).

First we observe, since W is independent on disjoint domains, that

Un,v = (2n)−d/2
𝔼
[︁
Δv(Λn)|ℱv

]︁
almost surely. Combining the bounded moments and moment decay assumptions with
Lemma 2.4 shows that

(2.6)
∑︂
v∈ℤd

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓2+ϵ]︁≤ cnd + ∑︂
v∈ℤd\Λ2n

cnζ dist(v,Λn)
−γ ≤ c′nd

for some ϵ, c, c′ > 0 (since γ > max{d, ζ }). By interpolating the moment decay assumption
(i.e., using Littlewood’s Lp inequality) we have

(2.7) 𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓2]︁≤ cnζ dist(v,Λn)
−γ .
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Hence by Jensen’s inequality and the bounded moments condition, we see that (2.6) also
holds for ϵ = 0 (with a different constant c′). Applying Markov’s inequality and the condi-
tional form of Jensen’s inequality, for any δ > 0

ℙ

[︂
sup
v∈ℤd

|Un,v| > δ
]︂
δ2+ϵ ≤ ∑︂

v∈ℤd

𝔼
[︁|Un,v|2+ϵ]︁≤ (2n)−d 2+ϵ

2
∑︂
v∈ℤd

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓2+ϵ]︁≤ cn−d ϵ
2

which tends to zero, verifying (2.1). By identical reasoning in the case ϵ = 0, we have

𝔼

[︂
sup
v∈ℤd

U2
n,v

]︂
≤ 𝔼

[︃∑︂
v∈ℤd

U2
n,v

]︃
≤ (2n)−d

𝔼

[︃∑︂
v∈ℤd

⃓⃓
Δv(Λn)

⃓⃓2]︃≤ c,

where c is independent of n, verifying (2.2). Applying the conditional and uncondi-
tional forms of Jensen’s inequality, the bounded moment/moment decay assumptions and
Lemma 2.4 yields that for each n ∈ ℕ

(2n)d/2
𝔼

[︃∑︂
v∈ℤd

|Un,v|
]︃

≤ ∑︂
v∈ℤd

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓]︁
≤ ∑︂

dist(v,Λn)≤n

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓2+ϵ]︁ 1
2+ϵ

+ ∑︂
dist(v,Λn)>n

cnζ dist(v,Λn)
−γ < ∞

verifying (2.4).
It remains to verify (2.3). For v ∈ ℤ

d let τv denote translation by v. Let Dn = wn + Λn

where w1,w2, · · · ∈ ℤ
d then by the definitions of μ and Δv , for any v ∈ ℤ

d the se-
quences of random variables Δv(Dn) and Δ0(τ−vDn) have the same distribution. Hence
if lim infn Dn = ℝ

d , then by the stabilisation assumption there exists a random variable Δv

such that Δv(Dn) → Δv in probability. We now simplify notation by defining

Xv(Λn) := 𝔼
[︁
Δv(Λn)|ℱv

]︁
and Xv := 𝔼[Δv|ℱv]

so that the statement we need to prove is

(2.8) (2n)−d
∑︂
v∈ℤd

X2
v(Λn)

L1−→ σ 2 as n → ∞.

We do this in three steps: (i) we show that the contribution to this sum from terms X2
v(Λn)

where v is outside Λn or near the boundary of Λn is small, (ii) we show that the remaining
terms are well approximated in L1 by their limits X2

v and (iii) we apply the ergodic theorem
to the sum of these limit terms.

If we choose λ ∈ (0,1) sufficiently small, then by (2.7) and the conditional Jensen inequal-
ity

(2.9) (2n)−d
∑︂

v:dist(v,Λn)>n1−λ

𝔼
[︁
X2

v(Λn)
]︁≤ (2n)−d

∑︂
v:dist(v,Λn)>n1−λ

cnζ dist(v,Λn)
−γ → 0

as n → ∞ (using Lemma 2.4). By the bounded moments condition, for the same value of
λ > 0 we have

(2.10)

(2n)−d
∑︂

v:dist(v,∂Λn)≤n1−λ

𝔼
[︁
X2

v(Λn)
]︁

≤ (2n)−d
∑︂

v:dist(v,∂Λn)≤n1−λ

𝔼
[︁
X2+ϵ

v (Λn)
]︁ 1

2+ϵ ≤ cn−λ → 0

as n → ∞.
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Now let n− = n − n1−λ. We claim that

(2.11) max
v∈ℤd∩Λn−

𝔼
[︁⃓⃓
X2

v(Λn) − X2
v

⃓⃓]︁→ 0 as n → ∞.

Let vn ∈ ℤ
d be the vertex which maximises the moment above for a given n and let Dn =

−vn + Λn. Observe that lim infn Dn = ℝ
d since dist(vn, ∂Λn) → ∞. Therefore Δv(Dn) →

Δv in probability. Since the (2 + ϵ)-moments of Δv(Dn) are bounded uniformly over n,
Vitali’s convergence theorem implies that Δv(Dn) → Δv in L2. Then using the fact that
conditional expectation is a contraction on Lp we have

Xv(Dn) = 𝔼
[︁
Δv(Dn)|ℱv

]︁ L2−→ 𝔼[Δv|ℱv] = Xv

and in particular (2.11) holds.
Combining (2.9), (2.10) and (2.11) we see that

(2.12) (2n)−d
∑︂
v∈ℤd

X2
v(Λn) − (2n)−d

∑︂
v∈ℤd∩Λn−

X2
v

L1−→ 0.

It remains for us to apply the ergodic theorem to the finite sum above. Let ξ = (Wv,W
′
v)v∈ℤd

denote the pair of white noise processes used to define μ and Δv(·). Let T1, . . . , Td respec-
tively denote translation by distance one in the positive direction of the d axes of ℝd . Since W

and W ′ are stationary, each Ti is a measure-preserving transformation of ξ . Since (Wv,W
′
v)

are independent for different v ∈ ℤ
d , the σ -algebra of invariant events associated with each

Ti is trivial (by Kolmogorov’s 01-law). We now augment our previous notation to include the
dependency on ξ ; so we write Xv(Dn, ξ) = Xv(Dn) and Xv(ξ) = Xv etc. We then claim that
for any v ∈ ℤ

d

(2.13) Xv(ξ) = X0(τ−vξ),

where τ−vξ = (τ−vWu, τ−vW
′
u)u∈ℤd = (Wu+v,W

′
u+v)u∈ℤd . To prove the claim, we first note

that for any n

Δv(Λn, ξ) = Δ0(−v + Λn, τ−vξ)

using the fact that μ is stationary (recall the definition before Theorem 2.2). Then taking
n → ∞ and using the stabilisation assumption, we see that the term on the left converges in
probability to Δv(ξ) while the term on the right converges to Δ0(τ−vξ) and so these limits
must coincide almost surely.

Next we observe that by definition of the lexicographic ordering

(2.14) ℱ0(τ−vW) := σ(τ−vWu|u ⪯ 0) = σ(Wu+v|u ⪯ 0) = σ(Wu|u ⪯ v) =: ℱv(W).

Therefore

Xv(ξ) = 𝔼
[︁
Δv(ξ)

⃓⃓
ℱv(W)

]︁= 𝔼
[︁
Δ0(τ−vξ)

⃓⃓
ℱ0(τ−vW)

]︁= X0(τ−vξ)

completing the proof of (2.13). Finally we note that by Fatou’s lemma and the bounded
moments assumption

𝔼
[︁⃓⃓
X0(ξ)

⃓⃓2+ϵ]︁≤ lim inf
n→∞ 𝔼

[︁⃓⃓
X0(Λn, ξ)

⃓⃓2+ϵ]︁
< ∞

so X2
0 ∈ L1+ϵ/2(ν) where ν denotes the distribution of ξ . Then since τv = T

v1
1 . . . T

vd

d for
v ∈ ℤ

d , we may apply the ergodic theorem (Theorem 2.5) to conclude that

(2n)−d
∑︂

v∈ℤd∩Λ−
n

X2
v = (2n)−d

∑︂
v∈ℤd∩Λ−

n

X2
0(τ−vξ)

L1−→ 𝔼
[︁
X2

0
]︁= 𝔼

[︁
𝔼[Δ0|ℱ0]2]︁=: σ 2.

Combining this with (2.12) proves (2.8) and hence completes the proof of the theorem. □
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REMARK 3. When applying the martingale CLT, the most difficult condition to verify is
often the convergence of the sum of squared increments (i.e., the analogue of (2.3)). Penrose
[54] recognised that for stationary white-noise functionals, this convergence could be ele-
gantly dealt with using the ergodic theorem and this insight is crucial for the proof we have
just given. It is also interesting to note the importance of the lexicographic filtration in this
context: (2.14) was essential in our application of the ergodic theorem and this property holds
only for the standard lexicographic ordering of ℤd (up to reflections and reorderings of axes).

If the white-noise functional in the statement of Theorem 2.2 is additive, which is the case
for our three functionals of interest, it is natural to expect that one could find somewhat sim-
pler versions of conditions (2)–(4) in terms of how the functional changes on unit cubes when
resampling the white-noise (i.e., conditions on Δv(Bw) rather than Δv(Λn)). The following
result shows that this is indeed true and will simplify the proof of the CLTs for μVol, μSA and
μEC.

PROPOSITION 2.6. Let μ be a stationary white-noise functional such that with probabil-
ity one the following holds: for any distinct w1, . . . ,wn ∈ ℤ

d

(2.15) μ

(︄
n⋃︂

i=1

Bwi

)︄
=

n∑︂
i=1

μ(Bwi
).

Suppose that there exists a family of random variables Yv(w) ≥ 0 for v,w ∈ ℤ
d such that

(2.16)
⃓⃓
Δv(Bw)

⃓⃓≤ Yv(w)

and

(2.17) 𝔼
[︁
Yv(w)

]︁+𝔼
[︁
Yv(w)2+ϵ]︁≤ c

(︁
1 + |v − w|)︁−(3d+δ)

for some ϵ, δ, c > 0 which depend only on the distribution of f . Then μ satisfies conditions
(2)–(4) of Theorem 2.2.

If we replace (2.15) and (2.16) with the weaker assumption that for any D := u + Λn

(where u ∈ ℤ
d )

(2.18)
⃓⃓
Δv(D)

⃓⃓≤ ∑︂
w∈ℤd∩D

Yv(w),

where Yv(w) again satisfies (2.17), then μ satisfies conditions (3)–(4) of Theorem 2.2.

PROOF. Suppose that (2.18) and (2.17) hold. Taking v ∈ ℤ
d and n ∈ ℕ as given, we write

Y(w) = Yv(w). By (2.18) and the inequality (
∑︁m

i=1 yi)
p ≤ ∑︁m

i=1 y
p
i , which holds for any

p ∈ (0,1) and y1, . . . , ym ≥ 0, we have

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓2+ϵ]︁≤ 𝔼

[︃(︃ ∑︂
w,x,y∈ℤd∩Λn

Y (w)Y (x)Y (y)

)︃ 2+ϵ
3
]︃

≤ ∑︂
w,x,y∈ℤd∩Λn

𝔼
[︁(︁

Y(w)Y (x)Y (y)
)︁ 2+ϵ

3
]︁
.

Applying Hölder’s inequality to the right hand side along with (2.17)

(2.19) 𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓2+ϵ]︁≤ (︃ ∑︂
w∈Λn

𝔼
[︁
Y(w)2+ϵ]︁ 1

3

)︃3
≤
(︃ ∑︂

w∈Λn

c
(︁
1 + |v − w|)︁−3d−δ

3

)︃3
.
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Hence

sup
v∈ℤd ,n∈ℕ

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓2+ϵ]︁≤ (︃ ∑︂
w∈ℤd

c
(︁
1 + |w|)︁−d− δ

3

)︃3
< ∞

verifying the bounded moments condition.
Now suppose that v /∈ Λn. Then by (2.19)

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓2+ϵ]︁≤ (︁cnd dist(v,Λn)
−d−δ/3)︁3

which verifies the moment decay condition for the (2 + ϵ)-moments. By (2.18) and (2.17)

𝔼
[︁⃓⃓
Δv(Λn)

⃓⃓]︁≤ ∑︂
w∈Λn

𝔼
[︁
Yv(w)

]︁≤ cnd dist(v,Λn)
−3d−δ

which verifies the other part of the moment decay condition.
Now assume that (2.15) holds and fix a sequence Dn := vn + Λn such that lim infn Dn =

ℝ
d . By (2.17) and the Borel–Cantelli lemma∑︂

w∈ℤd

Y0(w) < ∞

almost surely. Given m ∈ ℕ, we may choose N ∈ ℕ large enough that
⋂︁

n≥N Dn ⊃ Λm. Then
for any n1, n2 > N by (2.15) and (2.16)⃓⃓

Δ0(Dn1) − Δ0(Dn2)
⃓⃓≤ ⃓⃓Δ0(Dn1 \ Dn2)

⃓⃓+ ⃓⃓Δ0(Dn2 \ Dn1)
⃓⃓≤ ∑︂

v∈ℤd\Λm

Y0(w).

Since the right-hand side converges to zero as m → ∞, we see that Δ0(Dn) is almost surely
Cauchy and hence convergent to some limit Δ0.

To see that the limit does not depend on the choice of domains Dn, we may take any other
suitable sequence D′

n and consider (D1,D
′
1,D2,D

′
2, . . . ). By our above argument we see that

Δ0(D
′
n) and Δ0(Dn) converge almost surely to some Δ∗

0 but the latter convergence implies
that Δ∗

0 = Δ0 almost surely. □

3. Topological stability. As described in Section 1.3 there are three different potential
contributions to the change in each of our functionals (volume, surface area and Euler char-
acteristic) under perturbation: local/nonlocal topological contributions and geometric con-
tributions. In this subsection, we control the probability of topological contributions using
concepts from (stratified) Morse theory.

Dealing first with the local contributions; if we consider the level sets {f + tpw = ℓ} ∩ Bv

as t varies in [0,1] (recall that pw , defined in (1.4), is the perturbation induced by resampling
the white noise on Bw), it is intuitively clear that the level sets should deform continuously,
preserving their topology, unless they pass through a critical point. Thinking more carefully,
one might realise that we also need to control how the topology changes near the boundary
of Bv , which can be done by considering “boundary critical points”. This is essentially the
logic of the first fundamental result of stratified Morse theory which we now make rigorous.

In this and the remaining sections we will state and prove a number of results involving
perturbations of smooth functions, for which we adopt the following notational conventions:
p will denote an arbitrary perturbation in the statement of deterministic results, pv is the
random perturbation defined by resampling the white noise in Bv and ρ is a determinis-
tic function that will eventually be chosen equal to sq ∗ 1Λm for some values of s and m.
Perturbing by the latter expression will be needed in the proof of positivity of the limiting
variance (see the end of Section 1.3).
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Each unit cube Bv for v ∈ ℤ
d can be viewed as a stratified set by partitioning it into the

finite union of each of its open faces of dimension 0,1, . . . , d which we refer to as strata.
For example, if d = 2 then the stratification of Bv consists of the (two-dimensional) interior
of the square, four one-dimensional edges and four zero-dimensional corners. Let A be a
stratum of Bv and x ∈ A. We say that x is a stratified critical point of a function g ∈ C1(Bv)

if ∇Ag(x) = 0 where ∇A denotes the gradient restricted to the affine space A. If A is a zero-
dimensional stratum then ∇Ag ≡ 0 by convention (i.e., all corners of the cube are critical
points). We say that the level of the critical point is g(x).

Given g,p ∈ C1(Bv), we say that (g,p) is locally topologically stable (for domain Bv at
level ℓ) if for all t ∈ [0,1], g + tp has no stratified critical points in Bv at level ℓ. Note that
local topological stability is equivalent for (g,p) and (g + p,−p).

We will often work with a stratified set D which is either a finite union of unit cubes or
closed faces of unit cubes. In both cases we equip D with the stratification consisting of all
open faces of unit cubes contained in the set. We define a stratified isotopy of D to be a
continuous map H : D × [0,1] → D such that for each t ∈ [0,1]:

1. H(·, t) : D → D is a homeomorphism, and
2. for any stratum A of D, H(A, t) = A.

With these definitions we may state our first stability result.

LEMMA 3.1. For v1, . . . , vn ∈ ℤ
d , let D :=⋃︁n

i=1 Bvi
and let g,p ∈ C2(D). If (g,p) is

locally topologically stable on each Bvi
at level ℓ then there exists a stratified isotopy H of

D such that:

1. H({g ≥ ℓ}, t) = {g + tp ≥ ℓ} for all t ∈ [0,1],
2. H(·,0) : D → D is the identity map.

PROOF. The existence of a stratified isotopy satisfying the first property was proven for
boxes in [10], Lemma 12, using Thom’s isotopy lemma. The proof remains valid for D since
the latter is a Whitney stratified space. The second property is trivial: if ˜︁H satisfies the first
property then defining h = ˜︁H(·,0) we can set H(x, t) = ˜︁H(h−1(x), t). □

This result allows us to deduce some topological control over excursion sets from point-
wise conditions on g, p and their derivatives. We next give a probabilistic statement for sta-
bility of f under the perturbations pv (defined in (1.4)) and pv +ρ. (We recall that our results
will eventually be applied with ρ = sq ∗ 1Λm for some values of s and m; see Section 1.3.)
Given C1 functions g,p :ℝd → ℝ we define the locally unstable set as

𝒰Loc(g,p) = {︁w ∈ ℤ
d
⃓⃓
(g,p) is locally unstable for Bw at level ℓ

}︁
.

See Figure 6. Note that this set depends on the level ℓ but we omit this from our notation as
it will be fixed throughout our analysis.

For an open set U ⊂ ℝ
d , a compact set F ⊂ U , k ∈ℕ∪ {0} and g ∈ Ck(U) we recall that

∥g∥Ck(F ) := sup
x∈F

sup
|α|≤k

⃓⃓
∂αg(x)

⃓⃓
.

LEMMA 3.2. Let f satisfy Assumption 1 and let ρ :ℝd → ℝ be a C1 deterministic func-
tion. Then for each δ > 0 there exists c > 0 (which is independent of ρ but may depend on
the distribution of f ), such that

ℙ
(︁
w ∈ 𝒰Loc(f,ρ)

)︁≤ c∥ρ∥1−δ

C1(w+Λ2)
for all w ∈ ℤ

d
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FIG. 6. For the displayed excursion set, a small perturbation could create critical points in Bv1 and Bv2 (a saddle
point and local maximum respectively) and a stratified critical point in Bv3 ∩ Bv4 (as the excursion component
“shrinks” out of Bv4). For a function p which is not too small (and not too large), 𝒰Loc(g,p) would consist of
{v1, . . . , v4}.

and

ℙ
(︁
w ∈ 𝒰Loc(f,pv + ρ)

)︁≤ c∥ρ∥1−δ

C1(w+Λ2)
+ c
(︁
1 + |v − w|)︁−β+δ for all v,w ∈ ℤ

d,

where β is the decay exponent given in Assumption 1.

PROOF. The first statement follows from [9], Lemma 2.4. The same lemma also states
that for any ϵ > 0, the probability that w ∈ 𝒰Loc(f,pv + ρ) is at most

(3.1) cϵ inf
τ>M1+c

√
M2

(︁
τ 1−ϵ + e

− (τ−M1−c
√︁

M2)2

2M2
)︁
,

where

M1 := ∥ρ∥C1(w+Λ2)
, M2 := sup

x,y∈w+Λ2

sup
|α|,|γ |≤2

⃓⃓
∂α
x ∂γ

y Cov
[︁
pv(x),pv(y)

]︁⃓⃓
and c > 0 is an absolute constant. (The proof of the cited lemma uses standard estimates for
the supremum of a Gaussian field, given in [9], Section 3, and a bound on the probability of
f and ∇f being simultaneously small, from [51].) From the white noise representation for
pv (in (1.4)) ⃓⃓

∂α
x ∂γ

y Cov
[︁
pv(x),pv(y)

]︁⃓⃓= 2
⃓⃓⃓⃓∫︂

Bv

∂α
x q(x − u)∂γ

y q(y − u)du

⃓⃓⃓⃓
,

(where taking the derivative inside the integral follows from dominated convergence since q ∈
C3(ℝd) and Bv is compact). Therefore by Assumption 1, M2 ≤ C(1 + |v − w|)−2β for some
C > 0 independent of v and w. Using this observation and setting τ = 2(M1 + c

√
M2)

1−ϵ in
(3.1) we have

ℙ
(︁
w ∈ 𝒰Loc(f,pv + ρ)

)︁≤ c1
(︁∥ρ∥1−2ϵ

C1(w+Λ2)
+ (︁1 + |v − w|)︁−β(1−2ϵ) + e−c2(1+|v−w|)2ϵβ )︁

for some c1, c2 > 0 which depend on ϵ. Choosing ϵ > 0 sufficiently small (depending on β

and δ) then proves the bound in the statement of the lemma. □

Next we turn to nonlocal topological contributions. Recall that such contributions occur
whenever the topology of the level sets within a unit cube Bv does not change but topological
changes in another cube connect/disconnect some components in Bv to/from infinity. Our
next result shows that, for such a change to occur, Bv must be connected to a locally unstable
cube via a bounded component.
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Recall that for three sets A,B,C ⊂ ℝ
d we write A

B←→ C if there exists a continuous
curve in B joining a point in A to a point in C. For a C2 function g : ℝd → ℝ, let {g ≥ ℓ}∞
denote the union of any unbounded components of {g ≥ ℓ} and let {g ≥ ℓ}<∞ := {g ≥ ℓ} \
{g ≥ ℓ}∞ be the union of the bounded components. Then for a pair of C2 functions (g,p)

we define the finite-range unstable set as

(3.2) 𝒰FR(g,p) = 𝒰Loc(g,p) ∪ ⋃︂
v∈𝒰Loc(g,p)

{︁
w ∈ ℤ

d
⃓⃓
Bw

{g≥ℓ}<∞←→ Bv or Bw
{g+p≥ℓ}<∞←→ Bv

}︁
.

Note that this set depends on the level ℓ. We say that Bw is finite-range stable if w /∈
𝒰FR(g,p).

LEMMA 3.3. Let D :=⋃︁n
i=1 Bvi

be equipped with the stratification consisting of all open
faces of Bv1, . . . ,Bvn and let g,p : ℝd → ℝ be C2. Assume that {g ≥ ℓ} ∩ D and {g + p ≥
ℓ} ∩ D have at most a finite number of components. If Bvi

is finite-range stable for each i,
then there exists a stratified isotopy H of D such that:

1. H({g ≥ ℓ} ∩ D, t) = {g + tp ≥ ℓ} ∩ D for all t ∈ [0,1],
2. H(·,0) : D → D is the identity map,
3. H({g ≥ ℓ}∞ ∩ D,1) = {g + p ≥ ℓ}∞ ∩ D.

PROOF. Let D+ be the union of all unit cubes which are connected to D by bounded
excursion components of g or g + p, that is,

D+ := D ∪
n⋃︂

i=1

∪{︁Bv|Bv
{g≥ℓ}<∞←→ Bvi

or Bv
{g+p≥ℓ}<∞←→ Bvi

}︁
.

Since {g ≥ ℓ}∩D and {g +p ≥ ℓ}∩D have finitely many components, we see that D+ is the
union of finitely many unit cubes. Since each cube in D is finite-range stable, each cube in
D+ is locally topologically stable, so we may apply Lemma 3.1 to obtain a stratified isotopy
H : D+ × [0,1] → D+ such that H({g ≥ ℓ} ∩ D+, t) = {g + tp ≥ ℓ} ∩ D+.

Let A be a component of {g ≥ ℓ}<∞ which intersects D. Observe that A cannot intersect
the boundary of D+ (if it did, then some cube not contained in D+ would be connected to
D by a bounded excursion component). Hence, since H preserves strata, H(A,1) cannot
intersect the boundary of D+. In particular H(A,1) is a bounded component of {g + p ≥ ℓ}.
This is true for any such component A, and so

H
(︁{g ≥ ℓ}<∞ ∩ D,1

)︁⊆ {g + p ≥ ℓ}<∞.

By the same reasoning, any component of {g + p ≥ ℓ}<∞ which intersects D must be the
image under H(·,1) of a component of {g ≥ ℓ}<∞. Therefore, recalling that H(D,1) = D,
we have

H
(︁{g ≥ ℓ}<∞ ∩ D,1

)︁= {g + p ≥ ℓ}<∞ ∩ D.

The restriction of H to D then satisfies the conditions in the statement of the lemma. □

Our next objective is to obtain probabilistic bounds for finite-range stability. As an input
to such a bound, we will require the following generalisation of Proposition 1.2 which allows
the field f to be perturbed by a deterministic, nonnegative function.

PROPOSITION 3.4. Let f satisfy Assumption 1 and let ρ : ℝd → ℝ be nonnegative, con-
tinuously differentiable and deterministic. For each ℓ < −ℓc there exists C,c > 0 (indepen-
dent of ρ) such that for all n ∈ ℕ and v ∈ ℤ

d

ℙ
(︁
Bv

{f +ρ≥ℓ}<∞←→ v + ∂Λn

)︁≤ Ce−cn.
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FIG. 7. A possible excursion set in which the origin is connected to ∂Λn by a bounded component. The set E,
defined in the proof of Proposition 3.4, is the unshaded region surrounding A.

PROOF OF PROPOSITION 1.2. Set ρ ≡ 0 and apply Proposition 3.4. □

PROOF OF PROPOSITION 3.4. Since the distribution of f is translation invariant (as are
our assumptions on the function ρ) it is enough to prove the bound only for v = 0. Suppose
that B0 is connected to ∂Λn by some bounded component of {f + ρ ≥ ℓ}. Let A denote this
component and let N be the largest integer such that A intersects ∂ΛN+1 (see Figure 7). So
the diameter of A is at least N and N ≥ n − 1. By Bulinskaya’s lemma [1], Lemma 11.2.10,
f + ρ almost surely has no critical points at level ℓ. Hence the boundary of A is C1-smooth
and so there is a component E of {f + ρ ≤ ℓ} which “surrounds” A. More precisely, E is
the component of {f + ρ ≤ ℓ} which intersects the outer boundary of A. Then by definition
of N , there exists some x ∈ ℤ

d ∩ ΛN+2 \ ΛN such that E intersects Bx . Moreover since
the diameter of E is at least as large as the diameter of A we see that E connects Bx to
x + ∂ΛN/

√
d−1. By nonnegativity of ρ and symmetry of the normal distribution

ℙ
(︁
Bx

{f +ρ≤ℓ}←→ x + ∂Λ N√
d
−1

)︁≤ ℙ
(︁
Bx

{f ≤ℓ}←→ x + ∂Λ N√
d
−1

)︁= ℙ
(︁
Bx

{f ≥−ℓ}←→ x + ∂Λ N√
d
−1

)︁
.

Since −ℓ > ℓc, using sharpness of the phase transition (i.e., Theorem 1.1) the latter probabil-
ity is bounded above by Ce−cN where C,c > 0 depend only on ℓ and the distribution of f .
Therefore by the union bound

ℙ
(︁
Λ1

{f ≥ℓ}<∞←→ ∂Λn

)︁≤ ∑︂
N≥n−1

∑︂
x∈ΛN+2\ΛN

Ce−cN ≤ ∑︂
N≥n−1

C′Nd−1e−cN ≤ C′′e−cn

for constants C,C′,C′′, c > 0, as required. □

We now use this result to get a probabilistic bound for finite-range stability.

LEMMA 3.5. Let f satisfy Assumptions 1 and 2, then for all δ > 0 there exists c > 0 such
that

ℙ
(︁
w ∈ 𝒰FR(f,pv)

)︁≤ c
(︁
1 + |v − w|)︁−β+δ for v,w ∈ ℤ

d .

In particular, by the Borel–Cantelli lemma, 𝒰FR(f,p0) is almost surely finite.
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Let ρ :ℝd → ℝ be a deterministic function such that

max|α|≤2

⃓⃓
∂αρ(x)

⃓⃓≤ C
(︁
1 + |x|)︁−β

for some C > 0 and all x ∈ ℝ
d . Suppose in addition that ℓ < −ℓc, then for all δ > 0 there

exists c > 0 such that

ℙ
(︁
w ∈ 𝒰FR(f,p0 + ρ)

)︁≤ c
(︁
1 + |w|)︁−β+δ for w ∈ ℤ

d .

PROOF. We first argue for p0 + ρ. By definition of the finite-range unstable set and the
union bound

(3.3)

ℙ
(︁
w ∈ 𝒰FR(f,p0 + ρ)

)︁
≤ ℙ

(︁
w ∈ 𝒰Loc(f,p0 + ρ)

)︁
+ ∑︂

u∈ℤd

ℙ
(︁{︁

u ∈ 𝒰Loc(f,p0 + ρ)
}︁∩ {︁Bw

{f ≥ℓ}<∞←→ Bu

}︁)︁
+ ∑︂

u∈ℤd

ℙ
(︁{︁

u ∈ 𝒰Loc(f,p0 + ρ)
}︁∩ {︁Bw

{ ˜︁f0+ρ≥ℓ}<∞←→ Bu

}︁)︁
.

By Lemma 3.2 the first term on the right hand side is bounded by c(1 + |w|)−β+δ . For any
ϵ ∈ (0, δ/2d), the second term can be bounded by

(3.4)
∑︂

|u−w|≤|w|ϵ
ℙ
(︁
u ∈ 𝒰Loc(f,p0 + ρ)

)︁+ ∑︂
|u−w|>|w|ϵ

ℙ
(︁
Bw

{f ≥ℓ}<∞←→ Bu

)︁
.

By Lemma 3.2 the first sum in (3.4) is at most∑︂
|u−w|≤|w|ϵ

c
(︁
1 + |u|)︁−β+δ/2 ≤ c′|w|dϵ(︁1 + |w|)︁−β+δ/2 ≤ c′(︁1 + |w|)︁−β+δ

for constants c, c′ > 0. By Assumption 2 and Lemma 2.4, the second sum in (3.4) decays
super-polynomially in |w|. If ρ ≡ 0, then the third term of (3.3) is identical to the second
term (since ˜︁f0 has the same distribution as f ). Hence we conclude that

ℙ
(︁
w ∈ 𝒰FR(f,p0)

)︁≤ c
(︁
1 + |w|)︁−β+δ

,

and the first statement of the lemma follows by stationarity.
If ρ is not identically zero, then we can bound the third term of (3.3) using the same

argument as for the second term, except that we use Proposition 3.4 (and the assumption that
ℓ < −ℓc) to control ∑︂

|u−w|>|w|ϵ
ℙ
(︁
Bw

{ ˜︁f0+ρ≥ℓ}<∞←→ Bu

)︁
rather than Assumption 2. □

4. Volume, surface area and Euler characteristic of the unbounded component. To
summarise our progress so far: by Theorem 2.2 and Proposition 2.6 our functionals μ⋆ will
each satisfy a CLT if we can obtain appropriate moment bounds for the change in the value of
the functional under perturbation. In the previous section we obtained bounds on the proba-
bility of topological contributions to this change. It remains to control the magnitude of such
contributions as well as the geometric contributions. In the next three subsections, which can
be read independently, we do this using arguments specific to each of the three functionals.
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4.1. Volume. Controlling the magnitude of topological contributions to Δv is trivial for
the volume functional since the volume of any unit cube is bounded deterministically. It is
also straightforward to bound the geometric contributions to Δv in this case, as the following
lemma shows.

For a C2 function g :ℝd → ℝ let Vol∞[D,g] = Vol[{g ≥ ℓ}∞ ∩ D].
LEMMA 4.1. Let g,p :ℝd → ℝ be C2.

1. For any distinct v1, . . . , vn ∈ ℤ
d

Vol∞
[︄

n⋃︂
i=1

Bvi
, g

]︄
=

n∑︂
i=1

Vol∞[Bvi
, g].

2. For any v ∈ ℤ
d ⃓⃓

Vol∞[Bv,g] − Vol∞[Bv,g + p]⃓⃓≤ 1.

3. For v /∈ 𝒰FR(g,p), suppose that g and g + p have at most a finite number of stratified
critical points on Bv , then⃓⃓

Vol∞[Bv,g] − Vol∞[Bv,g + p]⃓⃓≤ Vol
[︁
Bv ∩ {︁|g − ℓ| ≤ |p|}︁]︁.

PROOF. The first statement follows immediately from the fact that Vol∞[·, g] is a mea-
sure such that Vol∞[∂Bv, g] = 0 for any v ∈ ℤ

d . The second statement is trivial since
0 ≤ Vol∞[Bv,g], Vol∞[Bv,g + p] ≤ 1.

Now assume v /∈ 𝒰FR(g,p). If g and g + p have a finite number of stratified criti-
cal points, then {g ≥ ℓ} ∩ Bv and {g + p ≥ ℓ} ∩ Bv have at most finitely many compo-
nents (since each component has a maximum which is a stratified critical point). Hence
we can apply Lemma 3.3 and let H denote the corresponding stratified isotopy on Bv . Let
S = {|g − ℓ| > |p|} ∩ Bv and Sc = Bv \ S. We claim that if A is a component of {g ≥ ℓ} ∩ Bv

then

A ∩ S = H(A,1) ∩ S.

Applying the claim to any component A of {g ≥ ℓ}∞ ∩ Bv and using the third point of
Lemma 3.3, we see that

Vol[A] − Vol
[︁
H(A,1)

]︁= Vol
[︁
A ∩ Sc]︁− Vol

[︁
H(A,1) ∩ Sc]︁.

Summing over the components A we have⃓⃓
Vol∞[Bv,g] − Vol∞[Bv,g + p]⃓⃓= ⃓⃓Vol

[︁{g ≥ ℓ}∞ ∩ Sc]︁
− Vol

[︁{g + p ≥ ℓ}∞ ∩ Sc]︁⃓⃓≤ Vol
[︁
Sc]︁

which verifies the third statement of the lemma.
It remains to prove the claim. We define

ϵ = min
A1≠A2

min
t∈[0,1] dist

(︁
H(A1, t),H(A2, t)

)︁
,

where A1 and A2 are components of {g ≥ ℓ} ∩ Bv . In other words ϵ is the minimum dis-
tance between the images under H of any two distinct excursion components. Since H is
continuous and H(·, t) is a homeomorphism for each t , we see that ϵ > 0.

Let A be a component of {g ≥ ℓ} ∩ Bv and let x be a point in A ∩ S or H(A,1) ∩ S. In
either case, x ∈ {g + tp ≥ ℓ} = H({g ≥ ℓ}, t) for all t ∈ [0,1]. Suppose that x ∈ H(A′, t ′)
for some excursion component A′ ≠ A and t ′ ∈ (0,1]. Then dist(x,H(A, t ′)) ≥ ϵ and so by
the intermediate value theorem there exists t ′′ ∈ (0, t ′) such that dist(x,H(A, t ′′)) = ϵ/2 > 0.
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But then x is not contained in H({g ≥ ℓ}, t ′′) which yields a contradiction. We conclude that
x ∈ H(A, t) for all t ∈ [0,1], proving the claim. □

Armed with this lemma, we can easily obtain moment bounds on the geometric contri-
butions to Δv using Gaussian tail inequalities. We remind the reader that ρ is an additional
deterministic perturbation that will be required to prove positivity of the limiting variance in
Section 5.

LEMMA 4.2. Let f satisfy Assumption 1 and let ρ :ℝd → ℝ be a deterministic C2 func-
tion. Then there exists an absolute constant c > 0 such that for w ∈ ℤ

d

𝔼
[︁
Vol
[︁
Bw ∩ {︁|f − ℓ| ≤ |ρ|}︁]︁]︁≤ c∥ρ∥C(Bw).

If ρ also satisfies the conditions in Lemma 3.5, then for each δ > 0 there exists c > 0 such
that for w ∈ ℤ

d

𝔼
[︁
Vol
[︁
Bw ∩ {︁|f − ℓ| ≤ |p0 + ρ|}︁]︁]︁≤ c

(︁
1 + |w|)︁−β+δ

.

In particular, by stationarity, for any v ∈ ℤ
d ,

𝔼
[︁
Vol
[︁
Bw ∩ {︁|f − ℓ| ≤ |pv|}︁]︁]︁≤ c

(︁
1 + |v − w|)︁−β+δ

.

PROOF. By Fubini’s theorem

𝔼
[︁
Vol
[︁
Bw ∩ {︁|f − ℓ| ≤ |ρ|}︁]︁]︁= ∫︂

Bw

ℙ
(︁⃓⃓
f (x) − ℓ

⃓⃓≤ ⃓⃓ρ(x)
⃓⃓)︁

dx ≤
∫︂
Bw

√︄
2

π

⃓⃓
ρ(x)

⃓⃓
dx

using the (standard Gaussian) density of f (x). The right hand side is at most
√

2/π∥p∥C(Bw),
which proves the first statement of the lemma.

Applying Fubini’s theorem once more yields

(4.1) 𝔼
[︁
Vol
[︁
Bw ∩ {︁|f − ℓ| ≤ |p0 + ρ|}︁]︁]︁= ∫︂

Bw

ℙ
(︁⃓⃓
f (x) − ℓ

⃓⃓≤ ⃓⃓p0(x) + ρ(x)
⃓⃓)︁

dx.

By the union bound, for any η > 0

(4.2)
ℙ
(︁⃓⃓
f (x) − ℓ

⃓⃓≤ ⃓⃓p0(x) + ρ(x)
⃓⃓)︁≤ ℙ

(︁⃓⃓
f (x) − ℓ

⃓⃓
< η

)︁+ ℙ
(︁⃓⃓
p0(x) + ρ(x)

⃓⃓
> η

)︁
≤
√︂

2/πη + ℙ
(︁⃓⃓
p0(x)

⃓⃓
> η − ⃓⃓ρ(x)

⃓⃓)︁
.

From the definition of p0 (in (1.4)) and the decay of q (i.e., Assumption 1), p0(x) is normally
distributed with mean zero and variance

2
∫︂
B0

q2(x − u)du ≤ c
(︁
1 + |x|)︁−2β

for some c > 0. Setting η = c(1 + |w|)−β+δ (and recalling that |ρ(x)| < c(1 + |x|)−β ) we
obtain for x ∈ Bw

(4.3) ℙ
(︁⃓⃓
p0(x)

⃓⃓
> η − ⃓⃓ρ(x)

⃓⃓)︁≤ c1 exp
(︁−c2

(︁
1 + |w|)︁2δ)︁

for constants c1, c2 > 0. Combining (4.1)–(4.3) proves the second statement of the lemma.
□

PROOF OF THEOREM 1.4 (FOR ⋆ = Vol). Taking μ := μVol it is enough to verify the four
conditions of Theorem 2.2. It is trivial that μVol has finite second moments since μVol(v +
Λn) ≤ (2n)d and the remaining conditions will follow if we can justify an application of
Proposition 2.6.
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Condition (2.15) follows immediately from Lemma 4.1. Given v,w ∈ ℤ
d we define

Yv(w) = Vol
[︁
Bw ∩ {︁|f − ℓ| ≤ |pv|}︁]︁+ 1w∈𝒰FR(f,pv)

then by Lemma 4.1 we have |Δv(Bw)| ≤ Yv(w), verifying (2.16). By Lemma 4.2

𝔼
[︁
Vol
[︁
Bw ∩ {︁|f − ℓ| ≤ |pv|}︁]︁2+ϵ]︁≤ 𝔼

[︁
Vol
[︁
Bw ∩ {︁|f − ℓ| ≤ |pv|}︁]︁]︁≤ c

(︁
1 + |v − w|)︁−β+δ

for any δ > 0 and some c depending on δ. Combined with Lemma 3.5 we see that

𝔼
[︁
Yv(w) + Yv(w)2+ϵ]︁≤ c

(︁
1 + |v − w|)︁−β+δ

.

Since β > 3d , by taking δ > 0 sufficiently small we verify (2.17) and so we may apply
Proposition 2.6 which completes the proof. □

4.2. Surface area. We now move on to consider the surface area functional. Our first
order of business is to control the magnitude of topological and geometric contributions to
Δv(Bw). As in the previous subsection, we begin with some deterministic arguments.

Let g,p : ℝd → ℝ be C2 such that g and g + p have no stratified critical points at level ℓ

on any unit cube Bv for v ∈ ℤ
d . For any finite union of unit cubes D, we define

SA∞[g,D] = ℋd−1[︁D ∩ ∂
(︁{g ≥ ℓ}∞)︁]︁,

where ℋd−1 denotes (d −1)-dimensional Hausdorff measure (and we define SA∞[g +p,D]
analogously). We assume that the level sets of g and g +p restricted to the boundaries of unit
cubes have zero surface area, that is,

ℋd−1[︁{g = ℓ} ∩ ∂Bv

]︁= ℋd−1[︁{g + p = ℓ} ∩ ∂Bv

]︁= 0 for all v ∈ ℤ
d .

This assumption will allow us to ignore such boundary components when using additivity of
SA∞ over unions of cubes below and will of course be satisfied with probability one for our
intended application to the Gaussian fields f and ˜︁fv .

The topological contribution to Δv(Bw) is simple to control, as we can bound the change
in surface area for unstable unit cubes by the total surface area for the original and perturbed
functions.

LEMMA 4.3. Let g, p be as above and w ∈ ℤ
d , then⃓⃓

SA∞[g,Bw] − SA∞[g + p,Bw]⃓⃓≤ ℋd−1[︁{g = ℓ} ∩ Bw

]︁+ℋd−1[︁{g + p = ℓ} ∩ Bw

]︁
.

PROOF. This follows from the triangle inequality along with the fact that the boundaries
of {g ≥ ℓ}∞ and {g + p ≥ ℓ}∞ are subsets of {g = ℓ} and {g + p = ℓ} respectively. □

It remains to control the geometric contribution to changes in the surface area. Since we
are only interested in the boundary of {g ≥ ℓ}∞ we cannot simply use the total change in area
of level sets. Instead we need to compare components of {g = ℓ} and {g + p = ℓ} which are
both contained in unbounded excursion sets. The isotopy constructed in Lemma 3.3 allows
us to do this.

Consider a unit cube Bw which is finite-range stable for (g,p) (i.e., w /∈ 𝒰FR(g,p)). Let
Comp denote the set of components of {g = ℓ}∩Bw and let H be the stratified isotopy of Bw

specified in Lemma 3.3.

LEMMA 4.4. Let g, p be as above and w /∈ 𝒰FR(g,p), then⃓⃓
SA∞[g,Bw] − SA∞[g + p,Bw]⃓⃓≤ ∑︂

L∈Comp

⃓⃓
ℋd−1[︁H(L,1)

]︁−ℋd−1[L]⃓⃓.
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PROOF. By Lemma 3.3 we know that L ∈ Comp is a subset of {g ≥ ℓ}∞ if and only if
H(L,1) is a subset of {g + p ≥ ℓ}∞. Therefore

SA∞[g,Bw] − SA∞[g + p,Bw] = ∑︂
L∈Comp:L⊆{g≥ℓ}∞

ℋd−1[L] −ℋd−1[︁H(L,1)
]︁
.

The statement of the lemma then follows from the triangle inequality and adding the nonneg-
ative terms which correspond to L ⊆ {g ≥ ℓ}<∞. □

Hence the geometric contribution to Δv(Bw) is bounded by the change in surface area
for each component of the level set. Our strategy for controlling the latter is the following:
assuming that the level set {g = ℓ}∩B is somewhat stable compared to the perturbation p, we
show that {g = ℓ}∩B can be projected normally onto {g +p = ℓ}∩B to yield a bijection (up
to boundary effects) that identifies components which correspond under H (i.e., the bijection
maps L to H(L,1)). The area formula and the implicit function theorem then allow us to
bound the change in surface area for each component.

The stability assumptions we need are the following.

ASSUMPTION 3. Let w ∈ ℤ
d . We assume that g,p :ℝd → ℝ are C2 and satisfy:

1. (g,p) is finite-range stable on Bw at level ℓ,
2. for x ∈ Bw , if g(x) = ℓ then |∇g(x)| > A1,
3. |∇2g(x)| < A2 for all x ∈ Bw ,
4. ∥p∥C1(Bw) < A0,

for A1 ∈ (0,1), A2 ≥ 1 and A0 < A2
1/(CdA2) where Cd > 20 depends only on the dimension

d and will be specified in the proof of Lemma 6.3.

Given functions g, p and constants A0, A1, A2 as above, we define

𝒰SA(g,p) :=
{︂
w ∈ ℤ

d
⃓⃓

inf
x∈Bw :g(x)=ℓ

⃓⃓∇g(x)
⃓⃓
< A1 or sup

Bw

⃓⃓∇2g
⃓⃓
> A2 or ∥p∥C1(Bw) > A0

}︂
.

The geometric contribution to the change in the surface area functional can then be
bounded (using the argument described above) as follows.

LEMMA 4.5. Let g,p :ℝd → ℝ be C2 functions such that g and g +p have no stratified
critical points at level ℓ on any unit cube Bv for v ∈ ℤ

d . If w /∈ 𝒰FR(g,p) ∪ 𝒰SA(g,p), then

⃓⃓
SA∞[g,B] − SA∞[g + p,B]⃓⃓≤ C′

d

A2A0

A2
1

ℋd−1[︁{g = ℓ} ∩ B
]︁

+ 2ℋd−1[︁{g = ℓ} ∩ (∂B)+ 7A0
A1

]︁
+ 2ℋd−1[︁{g + p = ℓ} ∩ (∂B)+ 7A0

A1

]︁
,

where B := Bw , (∂B)+a := {x ∈ B|dist(x, ∂B) ≤ a} and C′
d > 0 depends only on d .

The proof of this lemma is given in Section 6.
We will require one more ingredient to control the magnitude of topological/geometric

contributions: a moment bound for (total) surface area.
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PROPOSITION 4.6. Let f : ℝd → ℝ be a stationary Ck Gaussian field (k ≥ 2) with spec-
tral density and let ρ :ℝd → ℝ be a deterministic Ck function, then

𝔼
[︁
ℋd−1[︁B0 ∩ {f + ρ = ℓ}]︁k′]︁≤ C < ∞,

where k′ = k(k+1)
2 − 2 and C ∈ (0,∞) depends only on ∥ρ∥Ck(B0)

and the distribution of f .
Furthermore for any compact set E

𝔼
[︁
ℋd−1[︁E ∩ {f + ρ = ℓ}]︁]︁≤ C

(︁
1 + ∥ρ∥C1(E)

)︁
Vol[E],

where C ∈ (0,∞) depends only on the distribution of f .

PROOF. The first statement is a direct application of [3], Theorem 5.2.
By the Kac–Rice theorem [4], Theorem 6.8 and Proposition 6.12,

(4.4) 𝔼
[︁
ℋd−1[︁E ∩ {f + ρ = ℓ}]︁]︁= ∫︂

E
𝔼
[︁⃓⃓∇(f + ρ)(x)

⃓⃓⃓⃓
(f + ρ)(x) = ℓ

]︁
p(f +ρ)(x)(ℓ) dx,

where p(f +ρ)(x) denotes the density of the Gaussian random variable (f + ρ)(x). Since f is
stationary and has unit variance, this density is bounded above uniformly in x by an absolute
constant. By the triangle inequality and the fact that ρ is deterministic

(4.5) 𝔼
[︁⃓⃓∇(f + ρ)(x)

⃓⃓⃓⃓
(f + ρ)(x) = ℓ

]︁≤ ∥ρ∥C1(E) +𝔼
[︁⃓⃓∇f (x)

⃓⃓⃓⃓
f (x) = ℓ − ρ(x)

]︁
.

For any C1 Gaussian field with constant variance, the value of the field at a point is inde-
pendent of its gradient at the same point (this is a standard fact in the literature, see [1],
Section 5.6). Therefore

(4.6) 𝔼
[︁⃓⃓∇f (x)

⃓⃓⃓⃓
f (x) = ℓ − ρ(x)

]︁= 𝔼
[︁⃓⃓∇f (x)

⃓⃓]︁= 𝔼
[︁⃓⃓∇f (0)

⃓⃓]︁
.

Combining (4.4)–(4.6) proves the second statement of the proposition. □

We can now combine all of these estimates to verify the conditions of Proposition 2.6 for
μ = μSA. In the following two lemmas we will give slightly more general statements which
will be useful later when proving positivity of the limiting variance (Theorem 1.5).

LEMMA 4.7. Let f satisfy Assumption 1 and ρ : ℝd → ℝ be a deterministic C2 function.
The following holds with probability one: for any distinct v1, . . . , vn ∈ ℤ

d

SA∞
[︄
f + ρ,

n⋃︂
i=1

Bvi

]︄
=

n∑︂
i=1

SA∞[f + ρ,Bvi
].

PROOF. Since SA∞[f +ρ, ·] is a measure, it is enough to show that SA∞[f +ρ, ∂Bv] =
0 almost surely for any v ∈ ℤ

d . Fixing such a v, consider a stratum S ⊂ Bv of dimension
d ′ ≤ d − 1. By the Kac–Rice theorem ([4], Theorem 6.8 and Proposition 6.12)

ℋd ′−1[︁{f + ρ = ℓ} ∩ S
]︁
< ∞

almost surely, and hence

SA∞[f + ρ,S] ≤ ℋd−1[︁{f + ρ = ℓ} ∩ S
]︁= 0.

Summing over the different strata of ∂Bv completes the proof. □
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LEMMA 4.8. Let f satisfy Assumptions 1 and 2 and let p : ℝd → ℝ be a (possibly de-
generate) Ck Gaussian field such that f +p −𝔼[p] is stationary with a spectral density. For
w ∈ ℤ

d let

M2(w) = sup
|α|,|γ |≤2

sup
x,y∈(w+Λ2)

⃓⃓
∂α
x ∂γ

y Cov
[︁
p(x),p(y)

]︁⃓⃓
.

We assume that M2(w) and ∥𝔼[p]∥C1(Bw) are bounded uniformly over w. Then there exists
a collection of random variables Y(w) such that

(4.7)
⃓⃓
μSA(Bw,f, ℓ) − μSA(Bw,f + p,ℓ)

⃓⃓≤ Y(w)

almost surely and for any δ > 0 there exists Cδ > 0 (independent of w) such that

(4.8) 𝔼
[︁
Y(w)

]︁≤ Cδℙ
(︁
w ∈ 𝒰FR(f,p)

)︁ k′−1
k′ + Cδ

(︁√︁
M2(w) + ⃦⃦𝔼[p]⃦⃦C1(Bw)

)︁ k′−1
3k′−1

−δ
.

Moreover if p = pv and β > βSA(k) then there exists ϵ, δ,C > 0 (independent of w) such
that

(4.9) 𝔼
[︁
Y(w)

]︁+𝔼
[︁
Y(w)2+ϵ]︁≤ C

(︁
1 + |v − w|)︁−3d−δ

.

REMARK 4. The assumption that f + p − 𝔼[p] be stationary with a spectral density is
much stronger than what is required for the conclusion of this lemma to hold. We use this
assumption only in order to apply Proposition 4.6 but [3], Theorem 5.2, gives much weaker
(albeit less concise) sufficient conditions for the same result. We apply this lemma with p

equal to pv , pv + ρ or ρ where ρ is some deterministic function. Therefore the current
statement is most convenient for our purposes.

PROOF OF LEMMA 4.8. Given w ∈ ℤ
d , we define

σ 2
w,p := sup

|α|≤1
sup

x∈Bw

Var
[︁
∂αp(x)

]︁≤ M2(w)

and in Assumption 3 set

(4.10)
A0 = ⃦⃦𝔼[p]⃦⃦C1(Bw) +𝔼

[︁⃦⃦
p −𝔼[p]⃦⃦C1(Bw)

]︁+ σ 1−δ
w,p ,

A1 = A
k′

3k′−1
−δ

0 and A2 = c′
dA−2δ

0 ,

where δ, c′
d > 0 will be specified later. By Kolmogorov’s theorem [51], Appendix A.9, there

exists an absolute constant C > 0 such that

𝔼

[︂
max|α|≤1

sup
x∈Bw

⃓⃓
∂αp(x) −𝔼

[︁
∂αp(x)

]︁⃓⃓]︂≤ C
√︁

M2(w).

By assumption, M2(w) and ∥𝔼[p]∥C1(Bw) are bounded uniformly over w by some constant˜︁C, hence there exists C′ > 0 depending only on ˜︁C such that

(4.11) A0 ≤ ⃦⃦𝔼[p]⃦⃦C1(Bw) + C′M2(w)
1−δ

2 .

In particular A0 is bounded uniformly over w by some constant (depending only on ˜︁C). We

note that A2
1/(CdA2) = A

2k′/(3k′−1)
0 /(Cdc′

d) and therefore, since A0 is bounded, by choos-
ing c′

d sufficiently small we can ensure that this expression is greater than A0 for all w (as
required in Assumption 3).

We next define

Y(w) = ℒ(w)1w∈𝒰FR(f,p)∪𝒰SA(f,p) +ℒ∂(w),
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where

ℒ(w) := ℋd−1[︁Bw ∩ {f = ℓ}]︁+ℋd−1[︁Bw ∩ {f + p = ℓ}]︁,
ℒ∂(w) := swℋd−1[︁Bw ∩ {f = ℓ}]︁+ 2ℋd−1[︁(∂Bw)+tw ∩ {f = ℓ}]︁

+ 2ℋd−1[︁(∂Bw)+tw ∩ {f + p = ℓ}]︁
and

sw := Cd

A2A0

A2
1

= Cdc′
dA

k′−1
3k′−1
0 and tw := 7A0

A1
= 7A

2k′−1
3k′−1

+δ

0 .

Combining Lemmas 4.3 and 4.5 shows that (4.7) holds for our definition of Y(w). It remains
to prove the moment bounds (4.8) and (4.9)

First we bound the probability that w ∈ 𝒰SA(f,p). The Borell-TIS inequality [1], Theo-
rem 2.1.1, states that for a continuous centred Gaussian field h(t) defined on a compact set
T

ℙ

(︂
sup
t∈T

h(t) −𝔼

[︂
sup
t∈T

h(t)
]︂
> u

)︂
≤ e

− u2

2σ2
T

for all u > 0, where σ 2
T := supt∈T Var[h(t)]. Applying this to ±∂αp for each |α| ≤ 1 and

using the union bound, we have

ℙ
(︁∥p∥C1(Bw) > A0

)︁≤ ℙ
(︁⃦⃦

p −𝔼[p]⃦⃦C1(Bw) > 𝔼
[︁⃦⃦

p −𝔼[p]⃦⃦C1(Bw)

]︁+ σ 1−δ
w,p

)︁
≤ 2(d + 1)e−σ−2δ

w,p /2 ≤ 2(d + 1)e−A
−2δ/(1−δ)
0 /2.

A similar application of the Borell-TIS inequality to the second derivatives of f yields that

ℙ

(︂
sup

x∈Bw

⃓⃓∇2f (x)
⃓⃓
> A2

)︂
≤ C1e

−c(A−δ
0 −C2)

2

provided that Aδ
0 > C2, where c,C1,C2 > 0 are constants depending only on the distribution

of f . By increasing C1 if necessary, we can relax the requirement that Aδ
0 > C2.

Next we note that by Lemma 7 of [51] for any δ′ > 0 there exists Cδ′ > 0 such that

ℙ

(︂
inf

x∈Bw

max
{︁⃓⃓

f (x) − ℓ
⃓⃓
,
⃓⃓∇f (x)

⃓⃓}︁
< τ

)︂
< Cδ′τ 1−δ′

for all τ > 0. Applying this with τ = A1 and δ′ sufficiently small ensures that the right-hand

side is at most Cδ′A1−δ′
1 ≤ C′

δA
k′/(3k′−1)−2δ
0 . Combining the three bounds above with the

definition of 𝒰SA, we have that for all w ∈ ℤ
d

(4.12) ℙ
(︁
w ∈ 𝒰SA(f,p)

)︁≤ CδA
k′

3k′−1
−2δ

0 .

We now work towards (4.8). By Hölder’s inequality, Proposition 4.6 and (4.12)

𝔼
[︁
ℒ(w)1w∈𝒰FR∪𝒰SA

]︁≤ 𝔼
[︁
ℒ(w)k

′]︁ 1
k′ (︁ℙ(w ∈ 𝒰FR) + ℙ(w ∈ 𝒰SA)

)︁ k′−1
k′

≤ Cℙ(w ∈ 𝒰FR)
k′−1
k′ + CδA

k′−1
3k′−1

−2δ

0 ,

where we have abbreviated 𝒰FR := 𝒰FR(f,p) and 𝒰SA := 𝒰SA(f,p). By the second state-
ment of Proposition 4.6

𝔼
[︁
ℒ∂(w)

]︁≤ C max{sw, tw} ≤ C′A
k′−1
3k′−1
0 .
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Since δ > 0 can be chosen arbitrarily small, combining the last two equations with (4.11)
(and the definition of Y(w)) proves (4.8).

Let us now assume that p = pv and β > βSA(k). By definition of pv

Cov
[︁
pv(x),pv(y)

]︁= 2
∫︂
Bv

q(x − z)q(y − z) dz,

so by Assumption 1 and (4.11)

A0 ≤ C′M2(w)
1−δ

2 ≤ C′′(︁1 + |v − w|)︁−β(1−δ)

for all w ∈ ℤ
d . By Lemma 3.5

ℙ
(︁
w ∈ 𝒰FR(f,pv)

)︁≤ cδ

(︁
1 + |v − w|)︁−β+δ

for any δ > 0. Hence taking δ > 0 sufficiently small and using (4.8) we have

𝔼
[︁
Y(w)

]︁≤ Cδ

(︁
1 + |v − w|)︁−β( k′−1

3k′−1
−δ) ≤ Cδ

(︁
1 + |v − w|)︁−3d−δ′

,

where the final inequality follows upon taking δ, δ′ > 0 sufficiently small since β > βSA(k) =
3d 3k′−1

k′−2 . This verifies the first part of (4.9).
Bounding the expectation of Y(w)2+ϵ uses very similar arguments: by Hölder’s inequality,

Proposition 4.6, Lemma 3.5 and (4.12)

(4.13)

𝔼
[︁
ℒ(w)2+ϵ1w∈𝒰SA∪𝒰FR

]︁≤ 𝔼
[︁
ℒ(w)k

′]︁ 2+ϵ
k′ (︁ℙ(w ∈ 𝒰FR) + ℙ(w ∈ 𝒰SA)

)︁ k′−2−ϵ
k′

≤ Cδ

(︁
1 + |v − w|)︁−(β−δ) k′−2−ϵ

k′ + CδA
k′−2−ϵ
3k′−1

−2δ

0

≤ C′
δ

(︁
1 + |v − w|)︁−β( k′−2−ϵ

3k′−1
−2δ)(1−δ)

.

Once again, since β > βSA(k) we can ensure that the above exponent is strictly less than −3d

by taking ϵ and δ sufficiently small. By Proposition 4.6

(4.14)
𝔼
[︁(︁

swℋd−1[︁Bw ∩ {f = ℓ}]︁)︁2+ϵ]︁≤ Cs2+ϵ
w ≤ C′(︁1 + |v − w|)︁−β(1−δ)(2+ϵ) k′−1

3k′−1

≤ C′′(︁1 + |v − w|)︁−4d
.

We temporarily denote X := ℋd−1[(∂Bw)+tw ∩{f = ℓ}] and define θ = k′−2−ϵ
(k′−1)(2+ϵ)

. Then by
Littlewood’s inequality for Lp spaces and Proposition 4.6

(4.15) 𝔼
[︁
X2+ϵ]︁≤ 𝔼

[︁
Xk′]︁ (1−θ)(2+ϵ)

k′ 𝔼[X]θ(2+ϵ) ≤ Ctθ(2+ϵ)
w ≤ C′(︁1 + |v − w|)︁−β( k′−2−ϵ

3k′−1
−2δ)

.

As before we can ensure that the exponent of the right-most term is strictly less than −3d by
taking ϵ, δ > 0 sufficiently small. Combining (4.13)–(4.15) shows that

𝔼
[︁
Y(w)2+ϵ]︁≤ C

(︁
1 + |v − w|)︁−3d−δ

for some ϵ, δ > 0 and all w ∈ ℤ
d , which verifies the second part of (4.9) and hence completes

the proof of the lemma. □

PROOF OF THEOREM 1.4 (FOR ⋆ = SA). The surface area functional μSA is dominated
by the total area of the level set and so has finite second moments courtesy of Proposition 4.6.
Lemmas 4.7 and 4.8 verify the assumptions of Proposition 2.6 so we see that the stabilisation,
bounded moment and moment decay conditions hold. Hence an application of Theorem 2.2
yields the desired result. □
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4.3. Euler characteristic. Turning to the Euler characteristic, we start by describing
some fundamental properties of this functional which we make use of below. Readers who
are unfamiliar with the Euler characteristic may find it helpful to consult [1], Chapter 6, for
an overview (in the setting of smooth Gaussian fields).

The Euler characteristic is well defined for a class of sets known as “basic complexes”.
The precise definition is given in [1], Chapter 6, however for our purposes it will be sufficient
to know that this class includes the excursion sets of functions satisfying certain regularity
conditions.

LEMMA 4.9. Let D ⊂ ℝ
d be the union of a finite number of closed faces (of any dimen-

sion) of unit cubes. If g : D → ℝ is suitably regular (as defined in [1], Chapter 6) on D at
level ℓ then any union of components of {g ≥ ℓ} ∩ D is a basic complex.

PROOF. This result is proven for the closed face of a cube in [1], Theorem 6.2.2, the
proof generalises trivially to a union of such faces. □

LEMMA 4.10. Let f satisfy Assumption 1 then with probability one f is suitably regular
on any union of closed faces of unit cubes at level ℓ.

PROOF. This is given for a single face by [1], Theorem 11.3.3. The lemma holds since
the number of faces of unit cubes is countable. □

The Euler characteristic is well known to be additive and topologically invariant.

LEMMA 4.11. Let A1 and A2 be basic complexes.

1. If A1 ∪ A2 and A1 ∩ A2 are also basic complexes then

EC[A1 ∪ A2] = EC[A1] + EC[A2] − EC[A1 ∩ A2].
2. If A1 is homotopy equivalent to A2 then EC[A1] = EC[A2].
PROOF. The first property is proven in [1], Theorem 6.1.1, the second property in [28],

Theorem 2.44. □

We will also make use of the fact that the Euler characteristic of an excursion set can be
bounded in terms of the number of critical points of the underlying function.

LEMMA 4.12. Let D be a union of closed faces of the unit cubes Bv1, . . . ,Bvn and g :
D → ℝ be suitably regular on D at level ℓ. Let U be a union of connected components of
{g ≥ ℓ} ∩ D, then there exists cd > 0 depending only on d such that

⃓⃓
EC[U ]⃓⃓≤ cd

n∑︂
i=1

NCrit(Bvi
, g),

where NCrit(A,g) denotes the number of stratified critical points of g in A.

PROOF. Let F be one of the faces which makes up D, then [1], Section 9.4, gives an ex-
pression for EC[{g ≥ ℓ} ∩ F ] as an alternating sum of stratified critical points of g contained
in {g ≥ ℓ} ∩ F . In particular taking this sum over the components of {g ≥ ℓ} ∩ F in U , this
implies that |EC[U ∩ F ]| ≤ NCrit(F,g).

Given a closed face F of a unit cube we let ∂̃F denote the union of all closed faces of unit
cubes that are strictly contained in F . So if F is a two-dimensional face then ∂̃F is the union
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of four line segments and if F is a singleton (i.e., vertex) then ∂̃F = ∅. By additivity of the
Euler characteristic (Lemma 4.11)

EC[U ] = ∑︂
F∈Face(D)

EC[U ∩ F ] − EC[U ∩ ∂̃F ],

where Face(D) denotes the set of all faces of unit cubes in D. Then by the conclusion of the
previous paragraph⃓⃓

EC[U ]⃓⃓≤ ∑︂
F∈Face(D)

2NCrit(F,g) ≤
n∑︂

i=1

∑︂
F∈Face(Bvi

)

2NCrit(F,g)

which implies the statement of the lemma since the number of faces of each unit cube is
bounded by a constant depending only on the dimension d . □

With these preliminary results we can now decompose the change in the Euler character-
istic under perturbation. Since the Euler characteristic of a set depends only on its topology
(Lemma 4.11) there will be no geometric contributions to Δv(·), which simplifies our argu-
ments somewhat compared to the previous two subsections. Given a (suitably regular) C2

function g :ℝd → ℝ and D ⊂ ℝ
d we define EC∞[D,g] = EC[{g ≥ ℓ}∞ ∩ D].

LEMMA 4.13. If g and g + p are suitably regular on Λn then⃓⃓
EC∞[Λn,g] − EC∞[Λn,g + p]⃓⃓

≤ cd

∑︂
w∈ℤd∩Λn

(︁
NCrit(Bw,g) + NCrit(Bw,g + p)

)︁
1w∈𝒰FR(g,p).

PROOF. We define the unstable subset of Λn as

Q := Λn ∩ ⋃︂
w∈𝒰FR(g,p)

Bw

then by the first point of Lemma 4.11, for h = g,g + p

(4.16) EC∞[Λn,h] = EC∞[Λn \ Q,h] + EC∞[Q,h] − EC∞[Λn \ Q ∩ Q,h].
By Lemma 3.3, {g ≥ ℓ}∞ ∩ Λn \ Q is homeomorphic to {g + p ≥ ℓ}∞ ∩ Λn \ Q and so by
Lemma 4.11

(4.17) EC∞[Λn \ Q,g] = EC∞[Λn \ Q,g + p].
By Lemma 4.12, for h = g,g + p⃓⃓

EC∞[Q,h]⃓⃓, ⃓⃓EC∞[Λn \ Q ∩ Q,h]⃓⃓≤ cd

∑︂
w∈Λn∩𝒰FR(g,p)

NCrit(Bw,h).

Combining this with (4.16) and (4.17) proves the lemma. □

To obtain a probabilistic bound on the change in the Euler characteristic under perturba-
tion, we require a moment bound on the number of critical points.

PROPOSITION 4.14. Let f : ℝd → ℝ be a stationary Ck Gaussian field (k ≥ 2) such that
the support of its spectral measure contains an open set. Let ρ ∈ Ck(ℝd) be deterministic
such that ∥ρ∥Ck(ℝd ) ≤ C0. There exists C′ < ∞ depending only on C0 and the distribution of
f such that for all v ∈ ℤ

d

𝔼
[︁
NCrit(Bv, f + ρ)k−1]︁≤ C′,

where NCrit(Bv, f + ρ) denotes the number of critical points of f + ρ in Bv .
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PROOF. This is a special case of [24], Theorem 1.2, Remark 1.3. □

Observe that the conditions of this result hold for any field satisfying Assumption 1 with
the same value of k since K ∈ C2k+ϵ ensures that f ∈ Ck almost surely.

With these tools we can now verify the conditions for the CLT when ⋆ = EC.

LEMMA 4.15. Let f satisfy Assumption 1 for β > βEC(k) and Assumption 2, then μEC
satisfies the stabilisation condition in Theorem 2.2.

If, in addition, ℓ < −ℓc and ρ :ℝd → ℝ satisfies the assumptions of Lemma 3.5 then there
exists a random variable Δ0(ρ) such that for any sequence of cubes Dn := vn +Λn satisfying
lim infn Dn = ℝ

d , we have

(4.18) Δ0(Dn,ρ) := μEC(Dn,f ) − μEC(Dn, ˜︁f0 + ρ) → Δ0(ρ)

almost surely as n → ∞. Furthermore

𝔼
[︁
Δ0(ρ)

]︁= lim
n→∞𝔼

[︁
μEC(Dn,f ) − μEC(Dn,f + ρ)

]︁
.

PROOF. We will prove only the statements for Δ0(ρ); the stabilisation property follows
from setting ρ = 0 (in which case it will be apparent that the proof does not require ℓ < −ℓc).

Let Dn = vn + Λn be given such that lim infn Dn = ℝ
d . By Lemma 3.5, with probability

one we may choose m and N such that 𝒰FR(f,p0 + ρ) ⊆ Λm−1 and Λm ⊆⋂︁n>N Dn.
For h = f, ˜︁f0 + ρ by Lemma 4.11

(4.19) EC∞[Dn,h] = EC∞[Λm,h] + EC∞[Dn \ Λm,h] − EC∞[∂Λm,h].
Since 𝒰FR(f,p0 + ρ) ⊆ Λm−1, by Lemmas 3.3 and 4.11

EC∞[Dn \ Λm,f ] = EC∞[Dn \ Λm, ˜︁f0 + ρ] and EC∞[∂Λm,f ] = EC∞[∂Λm, ˜︁f0 + ρ].
Substituting into (4.19) we see that

Δ0(Dn,ρ) = EC∞[Dn,f ] − EC∞[Dn, ˜︁f0 + ρ]
= EC∞[Λm,f ] − EC∞[Λm, ˜︁f0 + ρ] =: Δ0(ρ)

which is constant for all n > N , proving convergence. Moreover, for any other sequence D′
n

we will have Δ0(D
′
n, ρ) = Δ0(ρ) for sufficiently large n, which verifies (4.18).

Turning to the final statement, for any n ∈ ℕ by Lemma 4.13

𝔼

[︂
sup
n∈ℕ
⃓⃓
Δ0(Dn,ρ)

⃓⃓]︂≤ cd𝔼

[︃∑︂
v∈ℤd

(︁
NCrit(Bv, f ) + NCrit(Bv, ˜︁f0 + ρ)

)︁
1v∈𝒰FR(f,p0+ρ)

]︃
.

By Hölder’s inequality, Proposition 4.14 and Lemma 3.5 the above quantity is bounded by

cd

∑︂
v∈ℤd

𝔼
[︁(︁

NCrit(Bv, f ) + NCrit(Bv, ˜︁f0 + ρ)
)︁k−1]︁ 1

k−1ℙ
(︁
v ∈ 𝒰FR(f,p0 + ρ)

)︁ k−2
k−1

≤ cδ

∑︂
v∈ℤd

(︁
1 + |v|)︁−(β−δ) k−2

k−1

for any δ > 0. Taking δ sufficiently small ensures that this expression is finite, since
β > βEC = 3 k−1

k−3d . We conclude that the sequence Δ0(Dn,ρ) is dominated by an integrable
random variable, hence by the dominated convergence theorem

𝔼
[︁
Δ0(ρ)

]︁= lim
n→∞𝔼

[︁
Δ0(Dn,ρ)

]︁= lim
n→∞𝔼

[︁
μEC(Dn,f ) − μEC(Dn, ˜︁f0 + ρ)

]︁
= lim

n→∞𝔼
[︁
μEC(Dn,f ) − μEC(Dn,f + ρ)

]︁
since f and ˜︁f0 have the same distribution. This completes the proof of the lemma. □
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PROOF OF THEOREM 1.4 (FOR ⋆ = EC). Since the Euler characteristic of an excursion
set is dominated by the number of critical points (Lemma 4.12) which have finite second
moments (Proposition 4.14) we see that μEC has finite second moments. Lemma 4.15 verifies
the stabilisation condition for μEC so if we can prove the bounded moments and moment
decay conditions then an application of Theorem 2.2 will yield Theorem 1.4 for ⋆ = EC.

Given v,w ∈ ℤ
d we let

Yv(w) := cd

(︁
NCrit(Bw,f ) + NCrit(Bw,f + pv)

)︁
1w∈𝒰FR(f,pv),

where cd > 0 is taken from the statement of Lemma 4.13. This lemma then implies that⃓⃓
Δv(u + Λn)

⃓⃓≤ ∑︂
w∈ℤd∩(u+Λn)

Yv(w)

for any u ∈ ℤ
d and n ∈ℕ. Adopting the notation NCrit(w) := NCrit(Bw,f ) + NCrit(Bw,f +

pv), by Hölder’s inequality, Proposition 4.14 and Lemma 3.5

𝔼
[︁
Yv(w)2+ϵ]︁≤ c′

d𝔼
[︁
NCrit(w)k−1]︁ 2+ϵ

k−1ℙ
(︁
w ∈ 𝒰FR(f,pv)

)︁ k−3−ϵ
k−1

≤ Cδ

(︁
1 + |v − w|)︁−(β−δ) k−3−ϵ

k−1

for any δ > 0. Since β > 3(k−1)
k−3 d , taking ϵ and δ sufficiently small ensures that the final

exponent is less than −3d . A similar argument yields the stronger bound

𝔼
[︁
Yv(w)

]︁≤ c′
d𝔼
[︁
NCrit(w)k−1]︁ 1

k−1ℙ
(︁
w ∈ 𝒰FR(f,pv)

)︁ k−2
k−1 ≤ Cδ

(︁
1 + |v − w|)︁−(β−δ) k−2

k−1 .

Together the last three equations allow us to apply Proposition 2.6 which shows that μEC
satisfies the bounded moments and moment decay conditions as required. □

4.4. First-order behaviour and finitary CLT. To complete this section, we prove the “law
of large numbers” for our functionals (Theorem 1.3) and the finitary version of our CLT
(Corollary 1.6).

Our characterisation of the first-order behaviour of μ⋆ follows from an ergodic argument.

PROOF OF THEOREM 1.3 (FOR ⋆ ∈ {Vol,SA}). We recall the white noise representation
of our field f = q ∗ W and that Wv = W |Bv for v ∈ ℤ

d . Given u ∈ ℤ
d we let τu denote trans-

lation by u (i.e., (τuW)v = Wv−u). We also define T1, . . . , Td to be translations by distance
one in the positive direction of each coordinate axis respectively. Since the Wv are indepen-
dent and identically distributed, T1, . . . , Td are measure preserving transformations of W and
the invariant σ -algebra for each Ti is trivial.

For ⋆ ∈ {Vol,SA}, we define G(W) = μ⋆([0,1]d) = μ⋆(B0). If ⋆ = Vol, then |G| ≤ 1 and
so G ∈ Lp for all p > 0. If ⋆ = SA, then by Proposition 4.6, G ∈ Lp for p ≤ k(k + 1)/2 − 2.
By the definition f = q ∗ W , for any v ∈ ℤ

d we have

G(τvW) = μ⋆

(︁−v + [0,1]d)︁= μ⋆(B−v).

Hence, since τv = T
v1
1 . . . T

vd

d , applying the ergodic theorem (Theorem 2.5) yields

(4.20)
1

(2n)d

∑︂
v∈ℤd∩(−n,n]d

G(τvW) = 1

(2n)d

d∑︂
i=1

∑︂
−n<ki≤n

G
(︁
T

k1
1 . . . T

kd

d W
)︁→ 𝔼

[︁
G(W)

]︁
,

where convergence occurs almost surely and in Lp . By additivity of μ⋆ (Lemmas 4.1 and 4.7)

(4.21)
∑︂

v∈ℤd∩(−n,n]d
μ⋆(B−v) = μ⋆(Λn)

almost surely, completing the proof of convergence.
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By Fubini’s theorem, stationarity and Theorem 1.1

𝔼
[︁
μVol(B0)

]︁= 𝔼

[︃∫︂
[0,1]d

1x∈{f ≥ℓ}∞ dx

]︃
= ℙ

(︁
0 ∈ {f ≥ ℓ}∞)︁> 0.

Recalling that {f ≥ ℓ}<∞ denotes the union of all bounded components of {f ≥ ℓ},
ℙ
(︁
0 ∈ {f ≥ ℓ}∞)︁= ℙ

(︁
0 ∈ {f ≥ ℓ})︁− ℙ

(︁
0 ∈ {f ≥ ℓ}<∞

)︁
< 1 − Φ(ℓ)

since f (0) is a standard Gaussian and the origin has a positive probability of being contained
in a bounded excursion component (a precise statement of the latter fact follows from [51],
Appendix C.2, Lemma 11). For almost any realisation of f , there exists an ℓ such that 0 ∈
{f ≥ ℓ}∞. (To see this, note that {f ≥ ℓ}∞ exists with probability one and so intersects ΛN

for some random N . We can then take ℓ < infΛN
f .) Let ℓ0 ∈ ℤ be the (random) largest

integer such that 0 ∈ {f ≥ ℓ0}∞. Then

ℙ
(︁
0 ∈ {f ≥ ℓ}∞)︁≥ ℙ(ℓ < ℓ0) → 1

as ℓ → −∞. This completes the proof in the case ⋆ = Vol.
For ⋆ = SA, by the Kac–Rice theorem and stationarity

cSA(ℓ) = 𝔼
[︁
μSA(B0)

]︁= ∫︂
B0

𝔼
[︁⃓⃓∇f (x)

⃓⃓
1x∈{f ≥ℓ}∞|f (x) = ℓ

]︁
ϕ(ℓ) dx

= 𝔼
[︁⃓⃓∇f (0)

⃓⃓
10∈{f ≥ℓ}∞|f (0) = ℓ

]︁
ϕ(ℓ).

Applying Kac–Rice once more,

𝔼
[︁
ℋd−1[︁B0 ∩ {f = ℓ}]︁]︁= 𝔼

[︁⃓⃓∇f (0)
⃓⃓⃓⃓
f (0) = ℓ

]︁
ϕ(ℓ) = 𝔼

[︁⃓⃓∇f (0)
⃓⃓]︁
ϕ(ℓ),

where the latter equality holds because f (0) and ∇f (0) are independent (this follows from
differentiating the covariance function at zero, see [1], Chapter 5.6). Letting μ<∞

SA (B0) :=
ℋd−1[B0 ∩ ∂({f ≥ ℓ}<∞)], in order to prove the desired bounds on cSA, it is enough to
show that neither of μSA(B0) or μ<∞

SA (B0) are almost surely zero. With probability one,
{f ≥ ℓ}∞ and {f < ℓ} are both nonempty and therefore so is the boundary of {f ≥ ℓ}∞
(which consists of C1-smooth, (d − 1)-dimensional surfaces). Since f is stationary, there is
a positive probability that this boundary intersects the interior of B0, and on such an event
we have μSA(B0) > 0. Replacing {f ≥ ℓ}∞ with {f ≥ ℓ}<∞ in this argument proves the
corresponding property for μ<∞

SA (B0) (the fact that {f ≥ ℓ}<∞ is nonempty follows from
[51], Theorem 1, which is stated for ℓ = 0, however the proof of which is valid for all ℓ ∈ ℝ).
Since ϕ(ℓ) → 0 as ℓ → −∞, the same holds true for cSA(ℓ), completing the proof of the
theorem for ⋆ = SA. □

PROOF OF THEOREM 1.3 (FOR ⋆ = EC). We break up the proof for the different state-
ments in the theorem:

Convergence: When ⋆ = EC, the previous argument for convergence does not quite work
because (4.21) fails (since the cubes Bv overlap on their boundaries and the Euler charac-
teristic of excursion sets can take nonzero value on these boundaries). To proceed we will
consider a modified version of the functional which is additive over unit cubes. Given a box
D = [a1, b1] × · · · × [ad, bd ] we define the lower left boundary of D, denoted ∂LLD to be

∂LLD := {x ∈ ∂D|xi = ai for some i = 1, . . . , d}.
(The choice of terminology should be clear from considering the case d = 2.) We now let

ψ(D) := μEC(D) − μEC(∂LLD) and G(W) = ψ
(︁[0,1]d)︁.



186 M. MCAULEY

Since G is dominated by (a constant times) the number of stratified critical points of B0
(Lemma 4.12) and the latter has finite pth moment for p ≤ k − 1 (Proposition 4.14) we see
that G satisfies the requirements of the ergodic theorem and so (4.20) holds for this choice of
G. Using the additivity in Lemma 4.11 we have∑︂

v∈ℤd∩(−n,n]d
ψ(B−v) = ψ(Λn) = μEC(Λn) − μEC(∂LLΛn).

The convergence result for ⋆ = EC will now follow if we can show that μEC(∂LLΛn)n
−d → 0

almost surely and in L1. Using Lemma 4.12 once more, it is enough to show the correspond-
ing convergence for NCrit(∂LLΛn)n

−d . By considering each stratum of ∂LLΛn separately,
using stationarity of f and Proposition 4.14, we have

(4.22) 𝔼
[︁
NCrit(∂LLΛn)

2]︁≤ cn2(d−1)

for some constant c > 0 depending only on the distribution of f . Since NCrit is nonnegative,
this shows that NCrit(∂LLΛn)n

−d converges to zero in L2. By the Cauchy–Schwarz inequal-
ity, convergence also occurs in L1 as required. Almost sure convergence follows from the
fact that

𝔼

[︄ ∞∑︂
n=1

(︃
NCrit(∂LLΛn)

nd

)︃2
]︄

< ∞,

where we have used (4.22) once more.
Expression for mean functional: For an open face (of a unit cube) F of dimension k and

for i = 0, . . . , k we define

NCrit,∞(F, i) = #
{︁
x ∈ F |∇|F f (x) = 0, x ∈ {f ≥ ℓ}∞, ind∇|2F f (x) = i

}︁
,

where ind∇|2F f (x) denotes the number of negative eigenvalues of ∇|2F f (x). Now let E be a
closed face of B0 of dimension k which contains the origin. We claim that

(4.23) 𝔼
[︁
μEC(E) − μEC(∂LLE)

]︁= k∑︂
i=0

(−1)k−i
𝔼
[︁
NCrit,∞(intE, i)

]︁
,

where intE denotes the interior of E. Applying this claim to B0, using the ergodic conver-
gence already established, the Kac–Rice theorem and stationarity, we have

cEC(ℓ) = 𝔼
[︁
ψ
(︁[0,1]d]︁)︁]

=
∫︂
B0

d∑︂
i=0

(−1)d−i
𝔼
[︁⃓⃓

det∇2f (x)
⃓⃓
1x∈{f ≥ℓ}∞1ind∇2f (x)=i |∇f (x) = 0

]︁
φ∇f (x)(0) dx

= (−1)d𝔼
[︁
det∇2f (x)1x∈{f ≥ℓ}∞

⃓⃓∇f (x) = 0
]︁
φ∇f (x)(0)

as required.
It remains to prove the claim. For E as in the statement of the claim, we first observe

that ∂LLE can be partitioned into the set of F \ ∂LLF where F is a closed face of E which
contains the origin and ∂LL{0} := ∅. To see this, note that for any two such faces F and
G, F ∩ G is a closed face of E containing the origin which must therefore be contained in
∂LLF ∩ ∂LLG. This proves that F \ ∂LLF and G \ ∂LLG are disjoint. Moreover for any x ∈ E

one can find such a face F such that F \ ∂LLF contains x be identifying the nonzero elements
of x. Therefore, by additivity of the Euler characteristic (Lemma 4.11),

(4.24) 𝔼
[︁
μEC(∂LLE)

]︁= ∑︂
F∈Face(E):0∈F

𝔼
[︁
μEC(F ) − μEC(∂LLF)

]︁
,

where Face(E) denotes the set of closed faces of E.
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We now prove the claim by induction on the dimension k of E. For k = 0, we have E = {0}
so

μEC(E) − μEC(∂LLE) = μEC
(︁{0})︁= ℙ

(︁
0 ∈ {f ≥ ℓ}∞)︁

which matches the right-hand side of (4.23) (recall that zero-dimensional faces are considered
critical points by definition). For general k, it is shown in the proof of [1], Theorem 11.7.2,
(see the penultimate displayed equation) that

𝔼
[︁
μEC(E)

]︁= k∑︂
j=0

∑︂
F∈Facej (E):0∈F

j∑︂
i=0

(−1)j−i
𝔼
[︁
NCrit,∞(intF, i)

]︁
,

where Facej (E) denotes the set of closed faces of E of dimension j . Technically, the above
formula is proven for the expected Euler characteristic of the excursion set {f ≥ ℓ} but the
proof holds verbatim if one replaces this by {f ≥ ℓ}∞ (it relies only on counting the number
of stratified critical points of different types contained in the excursion set and stationarity of
the field). Applying the strong inductive assumption up to dimension k − 1 with this formula,
we see that

𝔼
[︁
μEC(E)

]︁= ∑︂
F∈Facek(E):0∈F

k∑︂
i=0

(−1)k−i
𝔼
[︁
NCrit,∞(intF, i)

]︁

+
k−1∑︂
j=0

∑︂
F∈Facej (E):0∈F

𝔼
[︁
μEC(F ) − μEC(∂LLF)

]︁

= ∑︂
F∈Facek(E):0∈F

k∑︂
i=0

(−1)k−i
𝔼
[︁
NCrit,∞(intF, i)

]︁+𝔼
[︁
μEC(∂LLE)

]︁
,

where the second equality uses (4.24). This establishes the result for dimension k, completing
the inductive argument and so proving the claim.

Limiting behaviour: Next we show that cEC(ℓ) → 0 as ℓ → −∞. With probability one,
there exists a (random) ℓ0 such that for all ℓ < ℓ0, B0 ⊂ {f ≥ ℓ}∞ and hence

μEC(B0) = EC
[︁{f ≥ ℓ}∞ ∩ B0

]︁= EC[B0] = 1

and similarly μEC(∂LLB0) = 1 (since ∂LLB0 is contractible). Therefore

μEC(B0),μEC
(︁
∂LL(B0)

)︁→ 1

almost surely as ℓ → −∞. Since these two variables are dominated by the number of strati-
fied critical points of f in B (Lemma 4.12) which is integrable, using dominated convergence
along with our previous application of the ergodic theorem we have

cEC(ℓ) = 𝔼
[︁
μEC(B0)

]︁−𝔼
[︁
μEC(∂LLB0)

]︁→ 0 as ℓ → ∞.

Two-dimensional case: Finally we fix d = 2, ℓ < ℓc and show that cEC(ℓ) < 0. It is well
known that the Euler characteristic of a planar set can be decomposed as the number of
components of the set minus the number of “holes” (i.e., the number of bounded components
of its complement). Hence for any n

(4.25) μEC(Λn) = NComp
(︁{f ≥ ℓ}∞ ∩ Λn

)︁− NHoles
(︁{f ≥ ℓ}∞ ∩ Λn

)︁
,

where, for a set A ⊂ ℝ
2, NComp(A) denotes the number of components of A and NHoles(A)

denotes the number of bounded components of ℝ2 \ A. Since there is only one unbounded
excursion component, we would expect {f ≥ ℓ}∞ ∩ Λn to consist of one large component
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along with some small components near ∂Λn. Hence the first term on the right hand side of
(4.25) should by o(n2), as n → ∞, with high probability. In contrast, by stationarity of f we
would expect the number of “holes” in the unbounded component (i.e., the second term of
(4.25)) to be of order n2. We make both of these intuitions rigorous below.

Consider first the components of {f ≥ ℓ}∞ ∩ Λn, each of which is either contained in
Λn \ Λn−√

n or intersects Λn−√
n. In the former case, the point in the component which

maximises f must be a stratified critical point of f inside Λn \ Λn−√
n. Now suppose that

there are two or more components of {f ≥ ℓ}∞ ∩ Λn which intersect Λn−√
n. There must

exist a curve P in {f < ℓ} which separates these components in Λn (i.e., the start and end
points of P are in ∂Λn and the two excursion components are in different components of
Λn \ P ). In particular P must cross ∂Λn−√

n, or in other words

En := {︁∂Λn−√
n

{f <ℓ}←→ ∂Λn

}︁
must occur. In this case, the number of components of {f ≥ ℓ}∞ ∩ Λn is bounded by the
number of stratified critical points of f in Λn (by the same reasoning as before). Combining
these observations, we have

NComp
(︁{f ≥ ℓ}∞ ∩ Λn

)︁≤ NCrit(Λn \ Λn−√
n) + 1 + NCrit(Λn)1En.

By stationarity of f

𝔼
[︁
NCrit(Λn \ Λn−√

n)
]︁≤ cn3/2

for some constant c > 0 depending only on the distribution of f . By the Cauchy–Schwarz
inequality and Proposition 4.14

𝔼
[︁
NCrit(Λn)1En

]︁≤ cn2
ℙ(En)

1/2

for some c > 0 as before. By the first part of Theorem 1.1 and stationarity

ℙ(En) ≤ ∑︂
v∈ℤd :d(v,∂Λn−√

n)≤2

ℙ
(︁
Bv

{f ≤ℓ}←→ v + Λ√
n

)︁≤ C′ne−cn

for some C,C′, c > 0. Combining the last four equations, we have

(4.26) 𝔼
[︁
NComp

(︁{f ≥ ℓ}∞ ∩ Λn

)︁]︁= o
(︁
n2)︁ as n → ∞.

We now consider the holes in the unbounded component. With probability one, the un-
bounded component {f ≥ ℓ}∞ exists and is not equal to ℝ

2. Therefore, since the level set
{f = ℓ} consists of smooth curves almost surely, the unbounded component must intersect
the boundary of some component of {f < ℓ}. This latter component must be bounded (cour-
tesy of the phase transition in Theorem 1.1) and hence it is surrounded by {f ≥ ℓ}∞. In sum-
mary, with probability one ℝ

2 \ {f ≥ ℓ}∞ has at least one bounded component. We claim
that there exists m ∈ℕ such that

(4.27) ℙ
(︁
NHoles

(︁{f ≥ ℓ}∞ ∩ Λm

)︁
> 0
)︁
> 0.

If this were not the case, then by taking a countable union over m ∈ ℕ we could show that
NHoles({f ≥ ℓ}∞) = 0 with probability one. This would contradict our previous argument,
and so we verify the claim. To complete the proof, we partition Λn into boxes of side-length
2 m and use stationarity. Specifically, for n > m we have

NHoles
(︁{f ≥ ℓ}∞ ∩ Λn

)︁≥ ∑︂
v∈ℤd :2mv+Λm⊂Λn

NHoles
(︁{f ≥ ℓ}∞ ∩ (2mv + Λm)

)︁
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since the domains 2mv + Λm will not overlap for distinct v. Then by stationarity

𝔼
[︁
NHoles

(︁{f ≥ ℓ}∞ ∩ Λn

)︁]︁≥ ∑︂
v∈ℤd :2mv+Λm⊂Λn

𝔼
[︁
NHoles

(︁{f ≥ ℓ}∞ ∩ Λm

)︁]︁≥ c(n/m)2

for some c > 0 by (4.27). Combining this with (4.25) and (4.26) we see that

cEC(ℓ) = lim
n→∞

𝔼[μEC(Λn)]
n2 < 0

completing the proof of the theorem. □

REMARK 5. From the previous proofs we see that the convergence stated in Theorem 1.3
actually occurs in Lp for values of p greater than one. Specifically, if ⋆ = Vol then we may
choose any p < ∞, if ⋆ = SA then we may choose p = k(k+1)

2 − 2 and if ⋆ = EC then we
may choose p = k − 1.

As a consequence of Theorem 1.4, Corollary 1.6 follows from straightforward arguments
using the decay of connection probabilities.

PROOF OF COROLLARY 1.6. Taking ϵ > 0 as given, for n ∈ ℕ we define

An = {︁∂Λn
{f ≥ℓ}<∞←→ ∂Λ(1+ϵ)n

}︁
.

Then by stationarity of f and Assumption 2, for any γ > 0 there exists Cγ such that

(4.28) ℙ(An) ≤ ∑︂
x∈ℤd∩Λn

ℙ
(︁
Bx

{f ≥ℓ}<∞←→ x + ∂Λ(ϵ/2)n

)︁≤ Cγ n−γ+d

for all n ∈ ℕ. We also define

μ+
⋆ (Λn) =

⎧⎪⎪⎨⎪⎪⎩
(2n)d if ⋆ = Vol,

cdNCrit(Λn,f ) if ⋆ = EC,

ℋd−1[︁{f = ℓ} ∩ Λn

]︁
if ⋆ = SA,

where cd > 0 is taken from the statement of Lemma 4.12. Since f is stationary, there exists
c > 0 such that 𝔼[(μ+

⋆ (Λn))
3] ≤ cn3d . Recalling that μ⋆(Λn, ϵ) denotes the functional μ⋆

applied to components in Λn which intersect ∂Λ(1+ϵ)n, we have⃓⃓
μ⋆(Λn, ϵ) − μ⋆(Λn)

⃓⃓≤ μ+
⋆ (Λn)1An,

(where the case ⋆ = EC uses Lemma 4.12). The desired result will follow from Theorem 1.4
if we can show that the right hand side of this expression tends to zero in L2. By Hölder’s
inequality and (4.28)

𝔼
[︁
μ+

⋆ (Λn)
21An

]︁≤ 𝔼
[︁
μ+

⋆ (Λn)
3]︁2/3

ℙ(An)
1/3 ≤ Cγ n2d+(d−γ )/3 → 0

provided that we choose γ sufficiently large. This yields the required convergence. □

5. Positivity of limiting variance. In this section we prove that the limiting variance in
our CLT is strictly positive. Before proceeding, the reader may wish to revisit the last part of
Section 1.3 which gives an overview of our argument.

Our first step is to generalise the stabilisation property which was used as an input to our
general CLT (Theorem 2.2).
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LEMMA 5.1. Let f satisfy the conditions of Theorem 1.5 and let ρ = cq ∗12mB0 for some
c ∈ ℝ and m ∈ ℕ. For any sequence of cubes Dn := vn + Λn such that lim infn Dn = ℝ

d let

Δ⋆
0(Dn,ρ) = μ⋆(Dn,f ) − μ⋆(Dn, ˜︁f0 + ρ).

Then for each ⋆ ∈ {Vol,EC,SA} and ℓ < −ℓc there exists a random variable Δ⋆
0(ρ) such that

Δ⋆
0(Dn,ρ) → Δ⋆

0(ρ)

almost surely as n → ∞. Furthermore

(5.1) 𝔼
[︁
Δ⋆

0(ρ)
]︁= lim

n→∞𝔼
[︁
μ⋆(Dn,f )

]︁−𝔼
[︁
μ⋆(Dn,f + ρ)

]︁
and for any v ∈ ℤ

d ,

(5.2) 𝔼
[︁
Δ⋆

0
(︁
ρ(·))︁]︁= 𝔼

[︁
Δ⋆

0
(︁
ρ(v + ·))︁]︁.

PROOF. First observe that by Assumption 1, for all x ∈ ℝ
d

(5.3) sup
|α|≤2

⃓⃓
∂αρ(x)

⃓⃓≤ C
(︁
1 + |x|)︁−β

,

in other words, ρ satisfies the conditions in Lemma 3.5. Hence, when ⋆ = EC this result
(aside from (5.2)) follows from Lemma 4.15. We therefore consider only ⋆ ∈ {Vol,SA} (until
we verify (5.2) below).

We define

Y Vol(w) = Vol
[︁
Bw ∩ {︁|f − ℓ| ≤ |p0 + ρ|}︁]︁+ 1w∈𝒰FR(f,p0+ρ)

and Y SA(w) to be the variable Y(w) specified in Lemma 4.8. Then by Lemma 4.1 (when
⋆ = Vol) and Lemma 4.8 (when ⋆ = SA) we have

(5.4)
⃓⃓
Δ⋆

0(Bw,ρ)
⃓⃓≤ Y ⋆(w)

for any w ∈ ℤ
d . By Lemma 3.5 and Lemma 4.2, for any δ > 0 there exists c > 0 such that

(5.5) 𝔼
[︁
Y Vol(w)

]︁≤ c
(︁
1 + |w|)︁−β+δ

.

By Lemma 4.8 (specifically using (4.8) and the fact that ρ is deterministic) and Lemma 3.5

(5.6)
𝔼
[︁
Y SA(w)

]︁≤ Cδℙ
(︁
w ∈ 𝒰FR(f,p0 + ρ)

)︁ k′−1
k′ + Cδ

(︁√︁
M2(w) + ∥ρ∥C1(Bw)

)︁ k′−1
3k′−1

−δ

≤ C′
δ

(︁
1 + |w|)︁−(β−δ) k′−1

k′ + C′
δ

(︁
1 + |w|)︁−β( k′

3k′−1
−δ)

.

Recalling that βSA(k) = 3d 3k′−1
k′−2 and taking δ > 0 sufficiently small in (5.5)–(5.6) we con-

clude that

𝔼
[︁
Y ⋆(w)

]︁≤ c
(︁
1 + |w|)︁−3d

for ⋆ ∈ {Vol,SA} and w ∈ ℤ
d . Hence by the monotone convergence theorem

(5.7) 𝔼

[︃ ∑︂
w∈ℤd

Y ⋆(w)

]︃
≤ ∑︂

w∈ℤd

c
(︁
1 + |w|)︁−3d

< ∞

and in particular
∑︁

w∈ℤd Y ⋆(w) < ∞ almost surely.
Now given m ∈ ℕ, let N ∈ ℕ be large enough that

⋂︁
n≥N Dn ⊇ Λm+1 and let n1, n2 > N .

By Lemma 4.1 (when ⋆ = Vol) and Lemma 4.7 (when ⋆ = SA)⃓⃓
Δ⋆

0(Dn1, ρ) − Δ⋆
0(Dn2, ρ)

⃓⃓≤ ⃓⃓Δ⋆
0(Dn1 \ Dn2, ρ)

⃓⃓+ ⃓⃓Δ⋆
0(Dn2 \ Dn1, ρ)

⃓⃓≤ ∑︂
w∈ℤd\Λm

Y ⋆(w).
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The right hand term converges to zero as m → ∞, and so we conclude that Δ⋆
0(Dn,ρ) is

almost surely Cauchy and hence convergent to some limit Δ⋆
0(ρ). To see that the limit does

not depend on the choice of domains Dn, we may take any other sequence D′
n such that

lim infn D′
n = ℝ

d and consider (D1,D
′
1,D2,D

′
2, . . . ). By our above argument we see that

Δ⋆
0(D

′
n, ρ) and Δ⋆

0(Dn,ρ) converge almost surely to some limit, but the latter convergence
implies that this limit must equal Δ⋆

0(ρ) almost surely.
Using Lemma 4.1 (when ⋆ = Vol) and Lemma 4.7 (when ⋆ = SA) along with (5.4), we see

that the sequence Δ⋆
0(Dn,ρ) is uniformly bounded in absolute value by∑︂

w∈ℤd

Y ⋆(w)

which, by (5.7), is integrable. Therefore by the dominated convergence theorem and the fact

that f
d= ˜︁f0

𝔼
[︁
Δ⋆

0(ρ)
]︁= lim

n→∞𝔼
[︁
μ⋆(Dn,f ) − μ⋆(Dn, ˜︁f0 + ρ)

]︁= lim
n→∞𝔼

[︁
μ⋆(Dn,f ) − μ⋆(Dn,f + ρ)

]︁
and so (5.1) holds.

Finally, letting ⋆ ∈ {Vol,EC,SA}, we observe that since f is stationary,

μ⋆

(︁
f + ρ(v + ·),Λn

)︁ d= μ⋆

(︁
f + ρ(·), v + Λn

)︁
.

Therefore applying (5.1) for the sequence of domains (Λ1, v + Λ1,Λ2, v + Λ2, . . . ) proves
that 𝔼[Δ⋆

0(ρ(·))] = 𝔼[Δ⋆
0(ρ(v + ·))]. □

We next relate positivity of the limiting variance to the first order behaviour of our func-
tional when f is perturbed by q ∗ 1Λm .

LEMMA 5.2. Let the assumptions of Theorem 1.5 hold and suppose that there exists
m ∈ ℕ such that

(5.8) lim
n→∞

(︁
𝔼
[︁
μ⋆(Λn,f + sq ∗ 1Λm)

]︁−𝔼
[︁
μ⋆(Λn,f )

]︁)︁ ≠ 0,

for all s in some set I ⊂ ℝ of positive measure, then σ⋆(ℓ) > 0.

PROOF. We begin by applying our CLT to a rescaled version of f , which will allow us
to express the limiting variance σ 2

⋆ (ℓ) in terms of resampling on a larger cube. Given g ∈
L2(ℝd) and m as in the statement of the lemma, we define 𝒲(g) = (2m)−d/2W(g(·/2m)),
so that 𝒲 is a standard Gaussian white noise on ℝ

d . We then define f (m) = q(m) ∗𝒲 where
q(m)(x) = (2m)d/2q(2mx). From this definition, we have f (m)(x) = f (2mx) for any x ∈ ℝ

d .
Finally we define

ℱ (m)
0 = σ(𝒲u|u ⪯ 0) = σ(W |2mBu |u ⪯ 0) and ˜︁f (m)

0 = q(m) ∗ ˜︂𝒲(0),

where ˜︂𝒲(0) resamples 𝒲0 independently. Since q(m) satisfies the conditions of Theorem 1.4,
we see that

Var[μ⋆(Λn,f
(m))]

(2n)d
→ σ 2

⋆,m(ℓ) := 𝔼
[︁
𝔼
[︁
Δ

⋆,m
0

⃓⃓
ℱ (m)

0
]︁2]︁

,

where

(5.9) Δ
⋆,m
0 := lim

n→∞μ⋆

(︁
Λn,f

(m))︁− μ⋆

(︁
Λn, ˜︁f (m)

0
)︁
.
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Since f (m)(x) = f (2mx), by definition of μ⋆ we have

(5.10)

μVol
(︁
Λn,f

(m))︁= (2m)−dμVol(Λ2mn,f ),

μSA
(︁
Λn,f

(m))︁= (2m)−d+1μSA(Λ2mn,f ),

μEC
(︁
Λn,f

(m))︁= μEC(Λ2mn,f ).

Therefore it is enough for us to verify positivity of σ⋆,m(ℓ).
Now we let Z0 := 𝒲(B0). Since this variable is ℱ (m)

0 -measurable, by the conditional
Jensen inequality and the tower property of conditional expectation

σ 2
⋆,m(ℓ) ≥ 𝔼

[︁
𝔼
[︁
Δ

⋆,m
0 |Z0

]︁2]︁
.

Positivity of σ 2
⋆,m(ℓ) will then follow if we can show that 𝔼[Δ⋆,m

0 |Z0] is nonzero with positive
probability. By a standard property of conditional expectation,

𝔼
[︁
Δ

⋆,m
0 |Z0

]︁= F(Z0)

for some measurable function F . For a given s ∈ ℝ, the random variables Z0 and Z0 + s are
mutually absolutely continuous. Combining these facts, it is enough to show that

(5.11) 𝔼
[︁
F(Z0 + s)

]︁ ≠ 0 for all s ∈ J,

where J ⊂ℝ has positive Lebesgue measure.
We now find an explicit expression for this expectation. Let 𝒲− denote the part of the

white noise 𝒲 which is orthogonal to Z0 (explicitly we can set 𝒲− = 𝒲 − Z01B0 viewed
as a generalised function). We also define 𝒲 ′ to be the white noise used for resampling 𝒲
(i.e., this is the analogue of W ′ defined in Section 1.3). Since Δ

⋆,m
0 is defined in terms of 𝒲

and 𝒲 ′, we can write

Δ
⋆,m
0 = G

(︁
Z0,𝒲−,𝒲 ′)︁

for some measurable function G. Since Z0 is independent of the other two arguments, we
have

F(t) = 𝔼
[︁
G
(︁
t,𝒲−,𝒲 ′)︁]︁

for almost all t ∈ ℝ. Hence, using independence of these arguments once more, for almost all
s ∈ I

𝔼
[︁
F(Z0 + s)

]︁= 𝔼
[︁
G
(︁
Z0 + s,𝒲−,𝒲 ′)︁]︁

= 𝔼

[︂
lim

n→∞μ⋆

(︁
Λn,f

(m) + sq(m) ∗ 1B0

)︁− μ⋆

(︁
Λn, ˜︁f (m)

0
)︁]︂

,

where the second equality follows from the definition of Δ
⋆,m
0 . By (5.10) the latter expression

is equal to a constant (depending only on ⋆) times

𝔼

[︂
lim

n→∞μ⋆

(︁
Λ2mn,f + s(2m)−d/2q ∗ 12mB0

)︁− μ⋆(Λ2mn, ˜︁f0)
]︂
.

We now define ρ = s(2m)−d/2q ∗ 12mB0 and let v = (m, . . . ,m) ∈ ℤ
d . Since (f, ˜︁f0)

d=
( ˜︁f0, f ) we can apply Lemma 5.1 with the roles of f and ˜︁f0 reversed, to see that

𝔼

[︂
lim

n→∞μ⋆(Λn,f + ρ) − μ⋆(Λn, ˜︁f0)
]︂

= −𝔼
[︁
Δ⋆

0(ρ)
]︁= −𝔼

[︁
Δ⋆

0
(︁
ρ(v + ·))︁]︁

= lim
n→∞𝔼

[︁
μ⋆

(︁
Λn,f + s(2m)−d/2q ∗ 1Λm

)︁]︁−𝔼
[︁
μ⋆(Λn,f )

]︁
.
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By the statement of the lemma, this limit is nonzero for all s(2m)−d/2 in some set I of positive
measure, which verifies (5.11) and hence positivity of σ⋆(ℓ), as required. □

Theorem 1.5 will follow if we can verify condition (5.8). To do so we must decompose the
effects of the perturbation sq ∗1Λm on three separate domains: inside Λm, near the boundary
of Λm and far from Λm respectively. The following two lemmas will help us in this endeav-
our. They use techniques very similar to those we have employed earlier (in the proofs of
Lemma 3.5 and Theorem 1.4 when ⋆ = SA) but adjusted to the current setting of a determin-
istic perturbation.

We denote q = q/(
∫︁
ℝd q(x) dx) so that

∫︁
ℝd q = 1. Also given m ∈ ℕ, we define

(5.12) m+ = m + m1−λ, m− = m − m1−λ, m−− = m − 2m1−λ

for a small parameter λ > 0 to be determined below.

LEMMA 5.3. Let f and ℓ satisfy the conditions of Theorem 1.5. Given an absolute con-
stant C > 0, s ∈ [0,C] and m ∈ ℕ let ρ = sq ∗ 1Λm . Then for any δ > 0, taking λ > 0
sufficiently small in (5.12) there exists cδ > 0 such that:

1. for v ∈ ℤ
d ∩ Λm−−

ℙ
(︁
v ∈ 𝒰FR(f,ρ − s, ℓ − s)

)︁≤ cδm
−β+2d+δ

2. for v ∈ ℤ
d \ Λm+

ℙ
(︁
v ∈ 𝒰FR(f,ρ, ℓ)

)︁≤ cδ dist(v,Λm)−β+2d+δ,

where 𝒰FR(g,p, a) denotes the finite-range unstable set at level a defined in (3.2).

PROOF. Proof of (1): First observe that ρ − s = s(q ∗ 1Λm − 1) = s(q ∗ (1Λm − 1ℝd ))

by definition of q . Hence for v ∈ ℤ
d ∩ Λm−

(5.13)

∥ρ − s∥C1(v+Λ2)
= sup

|α|≤1
sup

x∈v+Λ2

s

⃓⃓⃓⃓∫︂
ℝd\Λm

∂αq(x − y)dy

⃓⃓⃓⃓

≤ sup
|α|≤1

C

∫︂
ℝd\Λ

m1−λ−2
√

d

⃓⃓
∂αq(y)

⃓⃓
dy ≤ C′m−(β−d)(1−λ),

where we have used the third point of Assumption 1 to differentiate inside the integral and
also for the final inequality. Now let v ∈ ℤ

d ∩ Λm−− , then by definition of 𝒰FR,

(5.14)

ℙ
(︁
v ∈ 𝒰FR(f,ρ − s, ℓ − s)

)︁
≤ ℙ

(︁
v ∈ 𝒰Loc(f,ρ − s, ℓ − s)

)︁
+ ∑︂

w∈ℤd

ℙ
(︁{︁

w ∈ 𝒰Loc(f,ρ − s, ℓ − s)
}︁∩ {︁v {f ≥ℓ−s}<∞←→ w

}︁)︁
+ ∑︂

w∈ℤd

ℙ
(︁{︁

w ∈ 𝒰Loc(f,ρ − s, ℓ − s)
}︁∩ {︁v {f +ρ≥ℓ}<∞←→ w

}︁)︁
.

By Lemma 3.2 and (5.13), for any δ > 0

ℙ
(︁
v ∈ 𝒰Loc(f,ρ − s, ℓ − s)

)︁≤ cδ∥ρ − s∥1−δ

C1(v+Λ2)
≤ c′

δm
−(β−d)(1−λ)(1−δ).

Taking λ and δ sufficiently small, the exponent above is less than −β + 2d and so we need
only consider the second and third terms on the right-hand side of (5.14).
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By Assumption 2 and Lemma 3.2, for any γ > d the second term on the right-hand side
of (5.14) is at most∑︂

w∈ℤd\Λm−
ℙ
(︁
v

{f ≥ℓ−s}<∞←→ w
)︁+ ∑︂

w∈ℤd∩Λm−
ℙ
(︁
w ∈ 𝒰Loc(f,ρ − s, ℓ − s)

)︁
≤ ∑︂

w∈ℤd\Λm−
cγ |v − w|−γ + ∑︂

w∈ℤd∩Λm−
cδ∥ρ − s∥1−δ

C1(w+Λ2)

≤ c′
γ m−γ (1−λ)+d + c′

δm
dm−(β−d)(1−λ)(1−δ),

where the final inequality uses Lemma 2.4, the fact that dist(v,Λm−) ≥ m1−λ and (5.13).
For λ, δ sufficiently small and γ sufficiently large, this expression is at most cδm

−β+2d+δ

so we see that the second term of (5.14) also satisfies the necessary bound. A near-identical
argument shows that the third term of (5.14) satisfies the same bound; the only difference in
the argument is that Proposition 3.4 is used in place of Assumption 2. This completes the
proof of the first part of the lemma.

Proof of (2): Using the decay of q specified in Assumption 1, for v ∈ ℤ
d \ Λm+

(5.15)

∥ρ∥C1(v+Λ2)
= sup

|α|≤1
sup

x∈v+Λ2

s

⃓⃓⃓⃓∫︂
Λm

∂αq(x − y)dy

⃓⃓⃓⃓

≤ sup
|α|≤1

C

∫︂
|y|≥dist(v,Λm)−2

√
d

⃓⃓
∂αq(y)

⃓⃓
dy ≤ C′ dist(v,Λm)−β+d .

Once again, by definition of 𝒰FR

(5.16)

ℙ
(︁
v ∈ 𝒰FR(f,ρ, ℓ)

)︁≤ ℙ
(︁
v ∈ 𝒰Loc(f,ρ, ℓ)

)︁
+ ∑︂

w∈ℤd

ℙ
(︁{︁

w ∈ 𝒰Loc(f,ρ, ℓ)
}︁∩ {︁v {f ≥ℓ}<∞←→ w

}︁)︁
+ ∑︂

w∈ℤd

ℙ
(︁{︁

w ∈ 𝒰Loc(f,ρ, ℓ)
}︁∩ {︁v {f +ρ≥ℓ}<∞←→ w

}︁)︁
.

For v ∈ ℤ
d \ Λm+ , by Lemma 3.2 and (5.15)

ℙ
(︁
v ∈ 𝒰Loc(f,ρ, ℓ)

)︁≤ cδ∥ρ∥1−δ

C1(w+Λ2)
≤ c′

δ dist(v,Λm)−(β−d)(1−δ).

Hence the first term on the right-hand side of (5.16) satisfies the required bound (for δ suffi-
ciently small).

Using Assumption 2 and Lemma 3.2 once more, the second term on the right-hand side of
(5.16) is bounded above by∑︂

w:|w−v|≥dist(v,Λm)/2

ℙ
(︁
v

{f ≥ℓ}<∞←→ w
)︁+ ∑︂

w:|w−v|<dist(v,Λm)/2

ℙ
(︁
w ∈ 𝒰Loc(f,ρ, ℓ)

)︁
≤ ∑︂

w:|w−v|≥dist(v,Λm)/2

cγ |v − w|−γ + ∑︂
w:|w−v|<dist(v,Λm)/2

cδ∥ρ∥1−δ

C1(w+Λ2)

≤ c′
γ dist(v,Λm)−γ+d + c′

δ dist(v,Λm)d dist(v,Λm)−(β−d)(1−δ)

for any γ > d , where the final inequality uses (5.15). Taking δ > 0 sufficiently small and γ >

0 sufficiently large, the final term above is less than cδ dist(v,Λm)−β+2d+δ , as required. Once
again, we can repeat this argument for the third term on the right-hand side of (5.16) (using
Lemma 3.4 instead of Assumption 2) and deduce the same upper bound. This completes the
proof of the second part of the lemma. □
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LEMMA 5.4. Let f and ℓ satisfy the conditions of Theorem 1.5 for ⋆ = SA, then for λ > 0
chosen sufficiently small

(5.17) m−d
⃓⃓
𝔼
[︁
μSA(Λm−−, f + s, ℓ) − μSA(Λm−−, f + ρ, ℓ)

]︁⃓⃓→ 0

and

(5.18)
∑︂

v∈ℤd\Λm+

⃓⃓
𝔼
[︁
μSA(Bv, f, ℓ) − μSA(Bv, f + ρ, ℓ)

]︁⃓⃓] → 0

as m → ∞.

PROOF. By additivity of μSA (i.e., Lemma 4.7)

(5.19)

⃓⃓
𝔼
[︁
μSA(Λm−−, f + s, ℓ) − μSA(Λm−−, f + ρ, ℓ)

]︁⃓⃓
≤ ∑︂

v∈ℤd∩Λm−−

⃓⃓
𝔼
[︁
μSA(Bv, f + ρ, ℓ) − μSA(Bv, f + s, ℓ)

]︁⃓⃓
≤ (2m)d sup

v∈ℤd∩Λm−−

⃓⃓
𝔼
[︁
μSA(Bv, f + ρ, ℓ) − μSA(Bv, f + s, ℓ)

]︁⃓⃓
.

Let v ∈ ℤ
d ∩ Λm−− , then applying Lemma 4.8 with p = ρ − s, for any δ > 0 we have

(5.20)

⃓⃓
𝔼
[︁
μSA(Bv, f + ρ, ℓ) − μSA(Bv, f + s, ℓ)

]︁⃓⃓
= ⃓⃓𝔼[︁μSA(Bv, f + ρ − s, ℓ − s) − μSA(Bv, f, ℓ − s)

]︁⃓⃓
≤ Cδℙ

(︁
v ∈ 𝒰FR(f,ρ − s, ℓ − s)

)︁ k′−1
k′ + Cδ∥ρ − s∥

k′−1
3k′−1

−δ

C1(Bv)

≤ Cδ

(︁
m

−(β−2d−δ) k′−1
k′ + m

−(β−d)(1−λ)( k′−1
3k′−1

−δ))︁
,

where the final inequality uses Lemma 5.3 along with (5.13). Since β > βSA(k) > 3d , the
right-hand side of (5.20) decays uniformly in v (provided that δ < 1). Combining this with
(5.19) proves (5.17).

If v ∈ ℤ
d \ Λm+ and δ > 0, then an application of Lemma 4.8 with p = ρ yields

(5.21)

⃓⃓
𝔼
[︁
μSA(Bv, f + ρ, ℓ) − μSA(Bv, f, ℓ)

]︁⃓⃓
≤ Cδℙ

(︁
v ∈ 𝒰FR(f,ρ)

)︁ k′−1
k′ + Cδ∥ρ∥

k′−1
3k′−1

−δ

C1(Bv)

≤ Cδ

(︁
dist(v,Λm)

−(β−2d−δ) k′−1
k′ + dist(v,Λm)

−(β−d)( k′−1
3k′−1

−δ))︁
,

where the final inequality uses Lemma 5.3 and (5.15). Since β > βSA(k) = 3d 3k′−1
k′−2 , elemen-

tary manipulations show that

min
{︃
(β − 2d)

k′ − 1

k′ , (β − d)
k′ − 1

3k′ − 1

}︃
> d.

Therefore taking λ, δ > 0 sufficiently small, we may apply Lemma 2.4 to see that∑︂
v∈ℤd\Λm+

⃓⃓
𝔼
[︁
μSA(Bv, f, ℓ) − μSA(Bv, f + ρ, ℓ)

]︁⃓⃓≤ ∑︂
v∈ℤd\Λm+

Cδ dist(v,Λm)−d−2η

≤ C′
δm

d−1m−(d+2η−1)(1−λ) ≤ C′
δm

−η

for some η > 0, which proves (5.18). □
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PROOF OF THEOREM 1.5. The desired statement will follow from Lemma 5.2 provided
that we verify condition (5.8). By Theorem 1.3

lim
s→∞ c⋆(ℓ − s) − c⋆(ℓ) ≠ 0.

Therefore we can find a bounded interval I ⊂ (0,∞) such that for all s ∈ I

(5.22)
⃓⃓
c⋆(ℓ − s) − c⋆(ℓ)

⃓⃓≥ c0

for some constant c0 > 0. We then let ρ = sq ∗ 1Λm for some m ∈ ℕ (which will be chosen
large, as specified in the arguments below).

By the additivity of μ⋆ proven in Lemma 4.1 (when ⋆ = Vol), Lemma 4.7 (when ⋆ = SA)
and Lemma 4.11 (when ⋆ = EC), for any n > m+

(5.23) 𝔼
[︁
μ⋆(Λn,f, ℓ) − μ⋆(Λn,f + ρ, ℓ)

]︁= 1 + 2 + 3 + 4 + 5 + 6 ,

where

1 = 𝔼
[︁
μ⋆(Λm−−, f, ℓ) − μ⋆(Λm−−, f + s, ℓ)

]︁
,

2 = 𝔼
[︁
μ⋆(Λm−−, f + s, ℓ) − μ⋆(Λm−−, f + ρ, ℓ)

]︁
,

3 = 𝔼
[︁
μ⋆(Λm+ \ Λm−−, f, ℓ) − μ⋆(Λm+ \ Λm−−, f + ρ, ℓ)

]︁
,

4 = −𝔼
[︁
μ⋆(∂Λm−−, f, ℓ) − μ⋆(∂Λm−−, f + ρ, ℓ)

]︁
,

5 = 𝔼
[︁
μ⋆(Λn \ Λm+, f, ℓ) − μ⋆(Λn \ Λm+, f + ρ, ℓ)

]︁
,

6 = −𝔼
[︁
μ⋆(∂Λm+, f, ℓ) − μ⋆(∂Λm+, f + ρ, ℓ)

]︁
.

By Theorem 1.3 and (5.22)

| 1 | = (︁2m−−)︁d ⃓⃓c⋆(ℓ) − c⋆(ℓ − s)
⃓⃓+ o

(︁
md)︁≥ c0m

d + o
(︁
md)︁

as m → ∞. We will now show that terms 2 − 6 above are o(md) as m → ∞ (uniformly in
n). Then by taking m sufficiently large, the absolute value of (5.23) will be bounded below
by a positive constant, uniformly in n, as required.

We first note that when ⋆ ∈ {Vol,SA}, we have 4 = 6 = 0 (see the proofs of Lemmas 4.1
and 4.7). When ⋆ = EC, by Lemma 4.12

| 4 | ≤ cd𝔼
[︁
NCrit(∂Λm−−, f ) + NCrit(∂Λm−−, f + ρ)

]︁
,

| 6 | ≤ cd𝔼
[︁
NCrit(∂Λm+, f ) + NCrit(∂Λm+, f + ρ)

]︁
.

Since ρ ∈ C2(ℝd) and f is stationary, applying Proposition 4.14 to each stratum of ∂Λm−−
and ∂Λm+ shows that the two expressions above are O(md−1) as m → ∞. Hence for each
choice of ⋆, 4 and 6 are o(md).

We next consider 3 ; if ⋆ = Vol then

| 3 | ≤ Vol[Λm+ \ Λm−−] ≤ Cdmd−λ

for some constant Cd > 0 depending only on d . If ⋆ = SA then by Lemma 4.3

| 3 | ≤ 𝔼
[︁
ℋd−1[︁{f = ℓ} ∩ Λm+ \ Λm−−

]︁+ℋd−1[︁{f + ρ = ℓ} ∩ Λm+ \ Λm−−
]︁]︁

≤ c Vol[Λm+ \ Λm−−] ≤ C′
dmd−λ,

where the penultimate inequality uses Proposition 4.6 (and the fact that the C2-norm of ρ on
any unit cube is bounded uniformly in m). If ⋆ = EC, then by Lemma 4.12

| 3 | ≤ 𝔼
[︁
NCrit(Λm+ \ Λm−−, f ) + NCrit(Λm+ \ Λm−−, f + ρ)

]︁= O
(︁
md−λ)︁

by the same argument as above. So for each choice of ⋆, 3 = o(md).
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When ⋆ = SA, Lemma 5.4 immediately yields that 2 = o(md) and, when combined with
additivity of μSA (Lemma 4.7), that

| 5 | ≤ ∑︂
v∈ℤd\Λm+

⃓⃓
𝔼
[︁
μSA(Bv, f, ℓ) − μSA(Bv, f + ρ, ℓ)

]︁⃓⃓= o(1)

as m → ∞. This completes the proof for ⋆ = SA.
Turning to ⋆ = Vol; by Lemmas 4.1, 4.2 and 5.3

| 2 | ≤ ∑︂
v∈ℤd∩Λm−−

𝔼
[︁
Vol
[︁
Bv ∩ {︁|f + s − ℓ| ≤ |ρ − s|}︁]︁]︁+ ℙ

(︁
v ∈ 𝒰FR(f,ρ − s, ℓ − s)

)︁
≤ ∑︂

v∈ℤd∩Λm−−
c∥ρ − s∥C(Bv) + cδm

−β+2d+δ

≤ (2m + 1)d
(︁
Cm−(β−d)(1−λ) + cδm

−β+2d+δ)︁,
where the final inequality follows from the bound on ∥ρ − s∥ in (5.13). Since β > 3d , taking
λ, δ > 0 sufficiently small ensures that this bound is o(1).

Making use of Lemmas 4.1, 4.2 and 5.3 once more, we have

| 5 | ≤ ∑︂
v∈ℤd\Λm+

𝔼
[︁
Vol
[︁
Bv ∩ {︁|f − ℓ| ≤ |ρ|}︁]︁]︁+ ℙ

(︁
v ∈ 𝒰FR(f,ρ, ℓ)

)︁
≤ ∑︂

v∈ℤd\Λm+
c∥ρ∥C(Bv) + cδ dist(v,Λm)−β+2d+δ

≤ Cδm
d−1m−(β−2d−1−δ)(1−λ),

where the final inequality uses (5.15) and Lemma 2.4. Since β > 3d , taking λ, δ > 0 suffi-
ciently small ensures that this expression is o(1) as m → ∞, as required.

Finally we let ⋆ = EC, then by Lemma 4.13, Hölder’s inequality, Proposition 4.14 and
Lemma 5.3

| 2 | ≤ ∑︂
v∈ℤd∩Λm−−

𝔼
[︁(︁

NCrit(Bv, f ) + NCrit(Bv, f + ρ)
)︁k−1]︁ 1

k−1

× ℙ
(︁
v ∈ 𝒰FR(f,ρ − s, ℓ − s)

)︁ k−2
k−1

≤ ∑︂
v∈ℤd∩Λm−−

cδm
−(β−2d−δ) k−2

k−1 ≤ c′
δm

d−(β−2d−δ) k−2
k−1 .

Since β > 2d , taking δ > 0 sufficiently small ensures that 2 = o(md). By similar reasoning

| 5 | ≤ ∑︂
v∈ℤd\Λm+

𝔼
[︁(︁

NCrit(Bv, f ) + NCrit(Bv, f + ρ)
)︁k−1]︁ 1

k−1ℙ
(︁
v ∈ 𝒰FR(f,ρ, ℓ)

)︁ k−2
k−1

≤ ∑︂
v∈ℤd\Λm+

cδ dist(v,Λm)−(β−2d−δ) k−2
k−1 ≤ c′

δm
d−1m−(β−2d−δ)(1−λ) k−2

k−1 +1−λ,

where the final inequality uses Lemma 2.4. Since β > k−1
k−33d , taking λ and δ sufficiently

small ensures that this expression is o(1) as m → ∞. This completes the proof in the case
that ⋆ = EC, and so completes the proof of the theorem. □
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6. Surface area perturbation. In this section we prove Lemma 4.5 which controls the
geometric contribution to changes in the surface area functional (for a deterministic function)
under perturbation. The proof is based on projecting the original level set onto its perturbed
analogue. Before defining this projection, we need a preliminary result.

LEMMA 6.1. Let g, p, D and H be as given in Lemma 3.1 (or Lemma 3.3). If A and A′
are two components of {g = ℓ} ∩ D such that H(A, t) ∩ H(A′, s) ≠ ∅ for some t, s ∈ [0,1]
then A = A′.

PROOF. If t = s then this follows from the fact that H(·, t) is a homeomorphism, so we
may assume t ≠ s. We define

ε = min
A1≠A2

min
u∈[0,1] dist

(︁
H(A1, u),H(A2, u)

)︁
,

where the minimum is taken over all distinct components A1 and A2 of {g = ℓ}∩B . Note that
ε > 0 since the distance between image components is continuous in u. By assumption we
may choose x ∈ H(A, t)∩H(A′, s). Then by definition of H , (g+ tp)(x) = ℓ = (g+ sp)(x).
Since t ≠ s, we see that p(x) = 0 and so

x ∈ ⋂︂
u∈[0,1]

{g + up = ℓ}.

Let us assume, for a contradiction, that A ≠ A′, then

dist
(︁
x,H

(︁
A′, t

)︁)︁≥ ε and dist
(︁
x,H

(︁
A′, s

)︁)︁= 0.

Hence by the intermediate value theorem, dist(x,H(A′, u)) = ε/2 for some u ∈ (t, s). By
definition of ε this implies that x /∈ {g +up = ℓ} which yields the required contradiction. □

We can now define our normal projection and derive its properties.

LEMMA 6.2. Let g, p and B := Bw satisfy Assumption 3 and suppose also that p(x) = 0
for all x within distance 2A0/A1 of ∂B . Then there exists an injective, C1 function φ defined
on a neighbourhood (in B) of {g = ℓ} ∩ B such that for all x

φ(x) = x + rx
∇g(x)

|∇g(x)| where |rx | ≤ 2A0

A1
and (g + p)

(︁
φ(x)

)︁= g(x).

Moreover if L is a component of {g = ℓ} ∩ B and H is the stratified isotopy defined in
Lemma 3.1 (or Lemma 3.3 when this lemma can be applied) then φ(L) = H(L,1).

PROOF. The continuity properties of φ will be proven by applying the implicit function
theorem locally, however first we establish some global existence and uniqueness properties.
We begin by showing that φ is well defined. For x ∈ B such that ∇g(x) ≠ 0, define ex =
∇g(x)/|∇g(x)|. Let x be within distance A1/(3A2) of {g = ℓ} ∩ B , then by Assumption 3
|∇g(x)| > 2A1/3 and so ex is well defined. If x is within a distance of 2A0/A1 from ∂B then
g(x) = (g + p)(x) so we may take rx = 0 and φ(x) = x. Otherwise, by a Taylor expansion⃓⃓

g(x + rex) − g(x) − r∂exg(x)
⃓⃓≤ A2r

2

for any r (such that x + rex ∈ B) where ∂ex denotes the partial derivative in the direction ex .
Setting r = 2A0/A1 and noting that ∂exg(x) > 2A1/3 and |p| < A0 we have

(g + p)(x + rex) > g(x) + 4A0/3 − A2r
2 − A0 > g(x) and

(g + p)(x − rex) < g(x) − 4A0/3 + A2r
2 + A0 < g(x).



THREE CLTS FOR THE UNBOUNDED GAUSSIAN EXCURSION COMPONENT 199

Hence, by the intermediate value theorem, there exists an rx satisfying |rx | ≤ 2A0/A1 and
(g + p)(x + rxex) = g(x). To see that this value is unique, we note that for |r| ≤ 2A0/A1⃓⃓∇g(x + rex) − ∇g(x)

⃓⃓≤ A2|r|
(by Assumption 3) and so

d

dr
g(x + rex) = ex · ∇g(x + rex) ≥ ⃓⃓∇g(x)

⃓⃓− A2|r| ≥ 2A1

3
− A2

2A0

A1
> 0.

Hence φ is well defined for all x in a neighbourhood of {g = ℓ}∩B . Note that the uniqueness
argument also applies for x close to the boundary of B (provided we restrict to r such that
x + rex ∈ B).

Next we show injectivity of φ. Let x, y ∈ B be within distance A1/(3A2) of {g = ℓ} ∩ B

such that φ(x) = φ(y). By definition we then have

y − x = sx∇g(x) − sy∇g(y) = (sx − sy)∇g(x) + sy
(︁∇g(x) − ∇g(y)

)︁
,

where |sx |, |sy | ≤ 3A0/A
2
1. Taking the dot product with y−x and using the triangle inequality

|y − x|2 ≤ |sx − sy |
⃓⃓∇g(x) · (y − x)

⃓⃓+ |sy |
⃓⃓(︁∇g(x) − ∇g(y)

)︁ · (y − x)
⃓⃓
.

Since g(x) = g(y), a Taylor expansion of g at x shows that |∇g(x) · (y − x)| ≤ A2|y − x|2.
Substituting this in above (and using our assumption on ∇2g) we have

|y − x|2 ≤ A2|sx − sy ||y − x|2 + A2|sy ||y − x|2 ≤ 9A0A2

A2
1

|y − x|2.

By Assumption 3 the above inequality can only hold if x = y, yielding injectivity.
Next we show that if L is a component of {g = ℓ} ∩ B then φ(L) ⊆ H(L,1). For t ∈

[0,1], since ∥tp∥C1(B) ≤ ∥p∥C1(B) we may define φt : {g = ℓ} → {g + tp = ℓ} as φt(x) =
x + rt,xex using the same argument for defining φ as above. It will be enough to show that φt

is continuous in t and apply Lemma 6.1.
For any x ∈ {g = ℓ} ∩ IntB , t ∈ [0,1] and |r| ≤ 2A0/A1

∂

∂r
(g + tp)(x + rex) = ex · ∇(g + tp)(x + rex) ≥ ⃓⃓∇g(x)

⃓⃓− A2|r| − A0 > 0.

Hence we may apply the implicit function theorem to

(6.1) (r, t, x) ↦→ (g + tp)(x + rex) − g(x) :ℝd+2 →ℝ

at the point (rt,x, t, x) to find a C1 mapping (t, x) → r̃t,x such that (g + tp)(x + r̃t,xex) =
g(x). By the earlier uniqueness argument, rt,x = r̃t,x . By compactness, the mapping extends
to the Cartesian product of [0,1] and a neighbourhood of {g = ℓ} in B . In particular, φ(x) =
x + r1,xex is C1 and for any given x ∈ {g = ℓ} ∩ B the mapping t ↦→ φt(x) = x + rt,xex is
continuous in t .

By Lemma 6.1 and compactness

η := inf
L1≠L2

inf
t,s∈[0,1] dist

(︁
H(L1, t),H(L2, s)

)︁
> 0,

where the infimum is taken over distinct components L1 and L2 of {g = ℓ} ∩ B . Let x ∈
{g = ℓ} ∩ B and t0 ∈ [0,1], then φt0(x) ∈ {g + t0p = ℓ} = H({g = ℓ}, t0). We then let L

be the component of {g = ℓ} ∩ B such that φt0(x) ∈ H(L, t0). By continuity, for all |t −
t0| sufficiently small |φt(x) − φt0(x)| < η/2. Hence by the definition of η, we must have
φt(x) ∈ H(L, t). This is true for all t0, so by compactness we can cover [0,1] by finitely
many such intervals to conclude that φt (x) ∈ H(L, t) for all t ∈ [0,1]. In particular x =
φ0(x) ∈ H(L,0) = L and φ(x) = φ1(x) ∈ H(L,1) as required.
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Finally we show that φ(L) = H(L,1) whenever L is a component of {g = ℓ}∩B . Our pre-
vious use of the implicit function theorem shows that φ is continuous on {g = ℓ} ∩ IntB , and
continuity on a neighbourhood of ∂B follows since φ is equal to the identity here. Therefore
compactness of L implies that φ(L) is compact and hence closed (in the Euclidean topology
on ℝ

d ). In particular φ(L) is also closed in the subspace topology for {g + p = ℓ} ∩ B .
Next we claim that φ : L → H(L,1) is an open map (with respect to the subspace topolo-

gies on L and H(L,1)). For x ∈ L such that dist(x, ∂B) ≥ 2A0/A1 and any neighbourhood
U (in L) of x, by the implicit function theorem there is a neighbourhood V ⊆ U such that
φ(V ) contains the intersection of {g + p = ℓ} and some neighbourhood of φ(x0). For x ∈ L

satisfying dist(x, ∂B) < 2A0/A1, by definition φ is equal to the identity on a neighbourhood
of x. Hence φ is an open map, proving the claim.

From the previous three paragraphs, we see that φ(L) is a nonempty subset of H(L,1)

which is both open and closed in the subspace topology for H(L,1). Since H(L,1) is con-
nected (recall that H(·, t) is a homeomorphism) we conclude that φ(L) = H(L,1). □

LEMMA 6.3. There exist constants Cd,C′
d > 0 depending only on d such that the fol-

lowing holds. Let g, p, B satisfy Assumption 3 with Cd and suppose that p(x) = 0 for all x

within distance 2A0/A1 of ∂B . Let E ⊂ B be an open set with diameter at most A1/3A2 and
distance at least 2A0/A1 from ∂B . Then⃓⃓

ℋd−1[︁φ(︁{g = ℓ} ∩ E
)︁]︁−ℋd−1[︁{g = ℓ} ∩ E

]︁⃓⃓≤ C′
d

A0A2

A2
1

ℋd−1[︁{g = ℓ} ∩ E
]︁
.

PROOF. In the proof we let C′
d be a positive constant depending only on d , the value of

which may change from line to line. To begin with we find a parameterisation of the (d − 1)-
dimensional set {g = ℓ} ∩ E. We fix x∗ ∈ {g = ℓ} ∩ E and choose a basis e1, . . . , ed for ℝd

such that ed = ex∗ . For all x ∈ E

∂ed
g(x) ≥ ∂ed

g
(︁
x∗)︁− A2

⃓⃓
x − x∗ ⃓⃓> A1 − A2

⃓⃓
x − x∗ ⃓⃓

which is strictly positive since diamE < A1/(3A2). Therefore if we define˜︁E = {︁(x1, . . . , xd−1)
⃓⃓
(x1, . . . , xd) ∈ {g = ℓ} ∩ E for some xd ∈ ℝ

}︁
we see that for all (x1, . . . , xd−1) ∈ ˜︁E there exists a unique z = z(x1, . . . , xd−1) such that
g(x1, . . . , xd−1, z) = ℓ. Moreover since E is open, the implicit function theorem implies
that z is a C1 function of x1, . . . , xd−1. We write G(x1, . . . , xd−1) = (x1, . . . , xd−1, z(x1, . . . ,

xd−1)).
We recall that the area formula states that for a Lipschitz function F : ℝn → ℝ

m where
n ≤ m and a measurable A ⊆ ℝ

n,∫︂
A

JF (x) dx =
∫︂
ℝm

ℋ0[︁A ∩ F−1(y)
]︁
dℋn(y),

where the Jacobian of F is defined by J 2
F := detDF(DF)∗. Applying this to F = G and

A = ˜︁E = G−1(E ∩ {g = ℓ}) yields

(6.2)

∫︂
˜︁E JG(x) dx =

∫︂
ℝd

ℋ0[︁˜︁E ∩ G−1(y)
]︁
dℋd−1(y)

=
∫︂
E∩{g=ℓ}

1dℋd−1(y) = ℋd−1[︁E ∩ {g = ℓ}]︁
since G is a bijection from ˜︁E to E ∩{g = ℓ}. Applying the area formula to φ ◦G with similar
reasoning yields

(6.3)
∫︂
˜︁E Jφ◦G(x)dx = ℋd−1[︁φ(︁E ∩ {g = ℓ})︁]︁.
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Next we observe that since the derivative of φ is a square matrix

J 2
φ◦G = detDφDG(DφDG)∗ = detDφ detDG(DG)∗ det(Dφ)∗ = (detDφ)2J 2

G.

Combining this with (6.2) and (6.3), we see that the lemma will follow if we can prove that

(6.4) |detDφ − 1| ≤ C′
d

A0A2

A2
1

.

Recalling that φ(x) = x + rxex we have

∂(φ(x))i

∂xj

= 1i=j + ∂rx

∂xj

(ex)i + rx
∂(ex)i

∂xj

.

We now claim that there exists C′
d > 0 depending only on d such that for j ∈ {1, . . . , d}

(6.5)
⃓⃓⃓⃓
∂rx

∂xj

⃓⃓⃓⃓
≤ C′

d

A0A2

A2
1

and
⃓⃓⃓⃓
∂ex

∂xj

⃓⃓⃓⃓
≤ C′

d

A2

A1
.

Combined with the facts that |ex | = 1 and |rx | ≤ 2A0/A1 this claim implies that each entry
of the Jacobian matrix differs from the corresponding entry of the identity matrix by at most
C′

dA0A2/A
2
1. Since A0A2/A

2
1 < 1, this yields (6.4) and hence the statement of the lemma.

It remains to prove the claim (6.5). First we note that by Assumption 3 and the fact that
diam(E) < A1/(2A2), for all x ∈ E

(6.6)
∂g(x)

∂xd

>
A1

2
and

∂g(x)

∂xi

<
A1

2
for i = 1, . . . , d − 1.

By the quotient rule, for i = 1, . . . , d

∂ex

∂xi

= ∂

∂xi

∇g(x)

|∇g(x)| = ∂ei
∇g(x)

|∇g(x)| − ∇g(x)

|∇g(x)|
d∑︂

k=1

∂ek
g(x)

|∇g(x)|
∂ek

∂ei
g(x)

|∇g(x)| .

By considering each fraction on the right hand side in turn, we see from Assumption 3 that

(6.7)
⃓⃓⃓⃓
∂ex

∂xi

⃓⃓⃓⃓
≤ C′

d

A2

|∇g(x)| .
Next, by applying the implicit function theorem to (x, r) ↦→ (g + p)(x + rex) − g(x) =:
P(x, r) we see that

(6.8)
∂rx

∂xj

= −
(︃

∂P

∂r

)︃−1 ∂P

∂xj

= −∂xj
(g + p)(⋆) − ∂xj

g(x) + r∇(g + p)(⋆) · ∂xj
ex

∇(g + p)(⋆) · ex

,

where ⋆ := x + rxex . By Assumption 3⃓⃓∇g(⋆) − ∇g(x)
⃓⃓≤ C′

dA2|r|,
⃓⃓∇p(⋆)

⃓⃓≤ A0,

∇(g + p)(⋆) · ex ≥ ⃓⃓∇g(x)
⃓⃓− A2|r| − A0 >

A1

4
.

Substituting these and (6.7) into (6.8) proves the left hand side of (6.5). □

PROOF OF LEMMA 4.5. By Lemma 4.4 the change in SA∞ is bounded above by∑︂
L∈Comp

⃓⃓
ℋd−1[︁H(L,1)

]︁−ℋd−1[L]⃓⃓
≤ ∑︂

L∈Comp

⃓⃓
ℋd−1[︁H(L,1) \ (∂B)+ 7A0

A1

]︁−ℋd−1[︁L \ (∂B)+ 5A0
A1

]︁⃓⃓
+ℋd−1[︁{g + p = ℓ} ∩ (∂B)+ 7A0

A1

]︁+ℋd−1[︁{g = ℓ} ∩ (∂B)+ 5A0
A1

]︁
,

(6.9)

where the latter bound follows from the triangle inequality.
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Choose θ ∈ C2(B) such that 0 ≤ θ ≤ 1 and

θ(x) =
⎧⎪⎨⎪⎩

1 if x ∈ B \ (∂B)+ 3A0
A1

,

0 if x ∈ (∂B)+ 2A0
A1

.

If we define p := θp, then g and p satisfy the conditions of Lemma 6.2 and we obtain a
bijection φ : {g = ℓ}∩B → {g+p = ℓ}∩B . Let H denote the stratified isotopy of B mapping
{g = ℓ} ∩ B to {g + p = ℓ} ∩ B which exists by Lemma 3.1. Since |φ(x) − x| ≤ 2A0/A1, for
any L ∈ Comp we have

(6.10) H(L,1) \ (∂B)+ 7A0
A1

⊆ φ
(︁
L \ (∂B)+ 5A0

A1

)︁⊆ H(L,1) \ (∂B)+ 3A0
A1

.

Let H denote the stratified isotopy of B defined by Lemma 3.3 which maps {g = ℓ} ∩ B to
{g + p = ℓ} ∩ B (while also preserving connections to unbounded components). We claim
that

(6.11) H(L,1) \ (∂B)+ 3A0
A1

= H(L,1) \ (∂B)+ 3A0
A1

,

which intuitively follows because p and p agree on B \ (∂B)+ 3A0
A1

. Assuming this claim, by

(6.10) we have ∑︂
L∈Comp

⃓⃓
ℋd−1[︁φ(︁L \ (∂B)+ 5A0

A1

)︁]︁−ℋd−1[︁H(L,1) \ (∂B)+ 7A0
A1

]︁⃓⃓
≤ℋd−1[︁{g + p = ℓ} ∩ (∂B)+ 7A0

A1

\ (∂B)+ 3A0
A1

]︁
≤ℋd−1[︁{g + p = ℓ} ∩ (∂B)+ 7A0

A1

]︁
.

Combining this with (6.9) we find that⃓⃓
SA∞[g,B] − SA∞[g + p,B]⃓⃓≤ ∑︂

L∈Comp

⃓⃓
ℋd−1[︁φ(︁L \ (∂B)+ 5A0

A1

)︁]︁−ℋd−1[︁L \ (∂B)+ 5A0
A1

]︁⃓⃓
+ 2ℋd−1[︁{g = ℓ} ∩ (∂B)+ 7A0

A1

]︁
+ 2ℋd−1[︁{g + p = ℓ} ∩ (∂B)+ 7A0

A1

]︁
.

Tiling L \ (∂B)+ 5A0
A1

by open dyadic cubes with diameter less than A1/3A2 and applying

Lemma 6.3 on each cube, we conclude that⃓⃓
ℋd−1[︁φ(︁L \ (∂B)+ 5A0

A1

)︁]︁−ℋd−1[︁L \ (∂B)+ 5A0
A1

]︁⃓⃓≤ C′
d

A0A2

A2
1

ℋd−1[︁L \ (∂B)+ 5A0
A1

]︁
which, together with the previous equation, yields the statement of the lemma.

It remains only to prove the claim (6.11). Since θ(x) ∈ [0,1]⋃︂
L∈Comp

H
(︁
L, [0,1])︁= ⋃︂

t∈[0,1]
{g + tp = ℓ} ⊆ ⋃︂

t∈[0,1]
{g + tp = ℓ} = ⋃︂

L∈Comp

H
(︁
L, [0,1])︁.

By Lemma 6.1, for distinct L1,L2 ∈ Comp the distance between H(L1, [0,1]) and
H(L2, [0,1]) is strictly positive. Therefore each of the connected sets H(L, [0,1]) for L ∈
Comp must be contained in at most one H(L′, [0,1]). Since L ∈ H(L, [0,1]) ∩ H(L, [0,1])
we conclude that L = L′, that is,

H
(︁
L, [0,1])︁⊆ H

(︁
L, [0,1])︁ for all L ∈ Comp.
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Since the isotopies respect level sets and p = p on B \ (∂B)+ 3A0
A1

we have

H(L,1) \ (∂B)+ 3A0
A1

⊆ H
(︁
L, [0,1])︁∩ {g + p = ℓ} \ (∂B)+ 3A0

A1

= H(L,1) \ (∂B)+ 3A0
A1

.

The union over L of the sets on the left and right are both equal to {g + p = ℓ} \ (∂B)+ 3A0
A1

and since the sets on the right are disjoint for different L, we conclude that

H(L,1) \ (∂B)+ 3A0
A1

= H(L,1) \ (∂B)+ 3A0
A1

as required. □
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